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1. (3 p) Which of the following quantum mechanical statements or ex-
pressions are correct, or at least make sense, when interpreted in the
“standard” way, and which are not? Give a short explanation for each
one:

(a) If |1〉 and |2〉 are eigenstates corresponding to different energy
eigenvalues E1 and E2, respectively, then 1√

2
(|1〉+ |2〉) is also an

energy eigenstate.

(b) x̂|y〉 = x|y〉
(c) (A ·B · C)† = B† · A† · C† − C† · A† ·B†

(d)
∑
a |a〉〈a|β〉 = |β〉

(e) eiU is unitary, if U is hermitian.

(f) The Heisenberg operator x̂H = e
i
h̄
Htx̂e−

i
h̄
Ht does not depend on

time if the Hamiltonian H is time-independent.

Solution:

(a) Wrong! If H|i〉 = Ei|i〉, then H(|1〉 + |2〉) = E1|1〉 + E2|2〉, which
is not equal to (E1 + E2)(|1〉+ |2〉).
(b) Wrong! The definition of the eigenket |y〉 to the operator x̂ is that
x̂|y〉 = y|y〉.
(c) Wrong! The right expression would be (A · B · C)† = C† · B† · A†
(use the relation (A ·B)† = B† · A† on (A ·B) and C).

(d) Right. The “most important formula” of the course.



(e) Right. An operator U is hermitian if U † = U (don’t be fooled by
the fact that we call it U here). Here, (eiU)† = e−iU

†
= e−iU , and

eiUe−iU = 1.

(f) Wrong! In the Heisenberg picture, operators are time-dependent.
(Check the simple example of a free particle in one dimension. One
finds xH(t) = (p/m)t+ xH(0).)

2. Unpolarized spin-1 particles are sent through a Stern-Gerlach appara-
tus which analyses the projections of the spin in the direction

n̂ =
1√
2

(êx + êz).

(a) (0.5 p) How many outgoing beams will be generated by the Stern-
Gerlach apparatus?

(b) (2.5 p) A second SG apparatus measuring the spin in direction êz
takes the beam with Jn̂ = 0. What is the probability that Jz = 0 is
measured? (Hint: Write Jn̂ = ~J · n̂, and use Jx = (J+ + J−)/2.)

Solution:

(a) The beam will split in three, corresponding to the eigenvalues of Jz
being 0 and ±h̄.

(b) The eigenvalue equation is Jn̂|jn, 0〉 = 0 · |jn, 0〉 = 0. Since the
second SG apparatus measures in the z-direction, we should expand
the Jn̂ = 0 state in eigenstates of Jz:

|jn, 0〉 = c1|jz,+1〉+ c0|jz, 0〉+ c−1|jz,−1〉.

Insert this in the first equation to find

Jn̂|jn, 0〉 = 0 =
1√
2

((J+ + J−)/2 + Jz) (c1|jz,+1〉+ c0|jz, 0〉+ c−1|jz,−1〉) = . . .

=
h̄√
2

[(
c0√

2
+ c1

)
|jz,+1〉

(
c1 + c−1√

2

)
|jz, 0〉

(
c0√

2
− c−1

)
|jz,−1〉

]
.

This gives c0 =
√

2c−1 = −
√

2c1, and one finds the probability

P (Jz = 0) = 2/(2 + 1 + 1) = 1/2.



3. Compute the energy shift of the one-dimensional harmonic oscillator,
to first order in perturbation theory, for the perturbation

(a) (1p) V = λ1x
4, for the ground state |0〉,

(b) (2p) V = λ2p
4, for the state |n〉,

Solution: For n = 0 in (a), the easiest is to use the explicit form of the
harmonic oscillator wave function Ψ0(x) = 〈x|0〉 given in the formula

sheet and integrate
∫

Ψ0(x)x4Ψ0(x)dx. One finds V00 = 3λ1h̄
2

4m2ω2 . For
general n both cases can be solved by essentially the same calculation:

Vnn ∝ 〈n|
(
a± a†

)4
|n〉.

Only terms with a product of two a’s and two a†’s in arbitrary order
will give a non-vanishing contribution, due to the orthogonality of states
with different n. By using [a, a†] = 1 one may successively replace all
the operators by a†a = n when acting on the state |n〉. Example:
〈n|aa†aa†|n〉 = 〈n|(a†a+ 1)(a†a+ 1)|n〉 = (n+ 1)2. One finds Vnn/λi ∝
3(1+2n+2n2)h̄2

4m2ω2 in both (a) and (b).

4. (3 p) Estimate the ground state energy of a particle of mass m, moving
in a linear potential,

V (x) = κ · |x|, −∞ < x <∞, κ > 0

using the variational trial wave function Ψ(x) = e−λx
2
, where λ is to

be varied.

Solution: We use the relation

H̄(λ) =
〈0̃|H|0̃〉
〈0̃|0̃〉

≥ E0,

and minimize by demanding dH̄(λ)/dλ = 0 The found value λmin is
then inserted into H̄ to find the best estimate of the ground state
energy E0. We find, using the integration tables in the formula sheet,

〈0̃|0̃〉 =
∫ ∞
−∞

e−2λx2

dx = 2
∫ ∞

0
e−2λx2

dx =

√
π

2λ
,



〈0̃|H|0̃〉 = 2
∫ ∞

0
e−λx

2

(
−h̄2

2m

d2

dx2
+ κx

)
e−λx

2

dx = . . . =
h̄2

2m

√
πλ

2
+
κ

2λ
.

Thus,

H̄(λ) =
〈0̃|H|0̃〉
〈0̃|0̃〉

=
h̄2λ

2m
+

κ√
2πλ

Solving dH̄(λ)/dλ = 0 gives

λ =

(
mκ√
2πh̄2

) 2
3

,

and that inserted in H̄ gives the estimate (the smallest upper bound)

E0 ∼ 3

(
h̄2

2m

) 1
3
(

κ

2
√

2π

) 2
3

.

5. (3 p) A free particle of spin-1 is at rest in a magnetic field Bz parallel
to the z-axis, so that

H0 = −κBzSz,

where Sz is the projection of the spin operator in the z-direction. A
harmonic perturbation with frequency ω = κBz is applied in the x-
direction for a short time (one period of oscillation only), so that the
weak perturbation is

V (t) = −κBx sin(ωt)Sx, for 0 < t < T =
2π

ω
.

Calculate, using first order time-dependent perturbation theory, the
resulting state vector |α, t0 = 0; t〉, for t > T , if the initial state is
|m = 0〉.

Solution: The unperturbed Hamiltonian has eigenstates |m〉, m =
−1, 0, 1 with eigenvalues E(0)

m = −κBzh̄m = h̄ωm. The initial state
is |0〉, and |α, t0 = 0; t〉 =

∑
m cm(t)e−iωmt|m〉. Perturbation theory:

c(0)
m = δm0,

c(1)
m =

−i
h̄

∫ T

0
〈m|VI(t′)|0〉dt′



=
−i
h̄

∫ T

0
〈m|eiωm0t′Vm0(t′)|0〉dt′

=
iκBx

h̄
〈m|Sx|0〉

∫ T

0
sin(ωt)eiωm0tdt,

with ωm0 = ωm − ω0 = ωm = −ωm. Here, 〈m|Sx|0〉 = 1
2
〈m|(S+ +

S−)|0〉 = h̄√
2
(δm,1 +δm,−1), and the integral over one period is computed

to be mT
2i

= πm
iκBz

.

Thus, cm = δm0 + Bxπ
Bz

√
2
m(δm,1 + δm,−1), and |α, t0 = 0; t > T 〉 =

|0〉 + πBx√
2Bz

(eiωt|1〉 − e−iωt| − 1〉). To obtain a normalized state, one

should finally divide by the factor
√

1 + π2B2
x/B

2
z .

GOOD LUCK!



Some useful formulas

∫
dxx2ne−λx

2

=

√
π(2n)!

22n+1n!λn+ 1
2

∫ ∞
0

dxx2n+1e−λx
2

=
n!

2λn+1

J±|j,m〉 = h̄
√

(j ∓m)(j ±m+ 1)|j,m± 1〉

For the harmonic oscillator:

a|n〉 =
√
n|n− 1〉

a†|n〉 =
√
n+ 1|n+ 1〉

[a, a†] = 1

a†a|n〉 = n|n〉

x =

√
h̄

2mω

(
a† + a

)

p = i

√
mh̄ω

2

(
a† − a

)

〈l|x̂|n〉 =

√
h̄

2mω

(√
nδl,n−1 +

√
n+ 1δl,n+1

)

〈l|p̂|n〉 = i

√
mh̄ω

2

(
−
√
nδl,n−1 +

√
n+ 1δl,n+1

)
Ground state wave function for the one-dimensional harmonic oscillator:

〈x|0〉 =
(
mω

πh̄

) 1
4

e−
mωx2

2h̄

Some spherical harmonics:

Y 0
0 =

1√
4π



Y 0
1 (θ) =

√
3

4π
cos θ

Y ±1
1 = ∓

√
3

8π
sin θe±iφ

Y 0
2 (θ) =

√
5

16π
(3 cos2 θ − 1)

Lz = −ih̄ ∂
∂φ

Commutators:

[x, F (p)] = ih̄
∂

∂p
F (p)

[p,G(x)] = −ih̄ ∂
∂x
G(x)

Spin operator for spin-1/2 particles: ~S = h̄
2
~σ

Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)

Time independent perturbation, non-degenerate case:

|n〉 = |n(0)〉+ λ
∑
k 6=n
|k(0)〉 Vkn

E
(0)
n − E(0)

k

+ . . .

∆n = En − E(0) = λVnn + λ2
∑
k 6=n

|Vnk|2

E
(0)
n − E(0)

k

+ . . .

Time dependent perturbation theory:

c(0)
n (t) = δni

c(1)
n (t) = − i

h̄

∫ t

t0
〈n|VI(t′)|i〉dt′ = −

i

h̄

∫ t

t0
eiωntt′Vni(t

′)dt′

Fermi’s Golden Rule:

wi→n =
2π

h̄
|Vni|2δ(En − Ei)

for constant perturbation;

wi→n =
2π

h̄
|Vni|2δ(En − Ei − h̄ω) +

2π

h̄
|V †ni|2δ(En − Ei + h̄ω)

for harmonic perturbation.


