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1. (3 p) Which of the following quantum mechanical expressions are cor-
rect, or at least make sense, when interpreted in the “standard” way,
and which do not? Give a short explanation for each one:

(a) ψα(x) = 〈x|α〉
(b) x̂|y〉 = x|y〉
(c) (A† ·B†)† = A ·B
(d) c〈α|β〉 = 〈c|α〉|β〉
(e) eA is unitary, if A is hermitian.

(f) ρ(r, t) = |ψ∗(r, t)|2

Solution:

(a) OK. The definition of the wave function, i.e. the state vector in the
x-representation.

(b) Not OK. The correct relation should read x̂|y〉 = y|y〉, since by x̂
we mean the position operator.

(c) Not OK, should be B · A on the right hand side, since (A†)† = A
and same for B, and (A ·B)† = B† · A†.

(d) Not OK. Left hand side is a (complex) number, right hand side is
a state vector.

(e) Not correct, a factor of ±i has to be added in the exponential to
make e±iA unitary.

(f) OK. The definition of the probability density. (Note that |a|2 = |a∗|2
for all complex numbers a.)



2. (3 p) A particle is in the state |α〉, with

〈x|α〉 =
1√
2
(x+ iy + 2iz)f(r),

where r =
√
x2 + y2 + z2. What is the probability that a measurement

of Lz gives the value +h̄? (Hint: use that the spherical harmonic
functions Y m

1 are eigenfunctions of Lz.)

Using the formulas in the formula sheet, we see that

x+ iy√
2

= −r
√

4π

3
Y 1

1

and

z = r

√

4π

3
Y 0

1

This means that, since the r-dependence is the same, and cancelling
also the common square root factor, the wave function is proportional
to

−Y 1
1 +

√
2iY 0

1

and the probability for measuring +h̄ is

| − 1|2
| − 1|2 + |i

√
2|2

=
1

3

3. (3 p) An electron (spin-1/2) is in a state |nℓmℓ〉 where n labels the
energy eigenvalue, and where the orbital angular momentum is ℓ and
its z-component mℓ. Use a description in terms of the total angular
momentum i.e., J = L+S, and consider the state with j = ℓ+1/2 and
m = mℓ − 1/2. Calculate the probability that a measurement of the
z-component Sz of the spin gives the value +h̄/2 for the cases ℓ = 1
and ℓ = 2, respectively.

As was stated on the blackboard at the exam, we only need to consider
the case where mℓ is maximal, i.e., mℓ = ℓ (this was granted, to avoid



extensive calculations). We note that the value of n has no impor-
tance of the problem, so we only have to know how to couple ℓ and
s = 1/2. The coefficients we need are the well-known Clebsch-Gordan
coefficeints. The easiest way to solve the problem is thus to use the
table of Clebsch-Gordan coefficients. For ℓ = 1, we have j = 3/2 and
m = 1/2. In the table for 1 × 1/2 we find for this case the coefficient
2/3. Remebering that what is given in the table is really the square of
the coefficient, we immediately find the probability p = 2/3. Similarly,
for ℓ = 2, we use the 2 × 1/2 table and find, for j = 5/2 and m = 3/2,
p = 4/5.

4. (3 p) The Hamiltonian for two interacting spin−1/2 particles in a con-
stant magnetic field along the z-axis kan be written

H =
a

4
S1 · S2 + bh̄ (S1z + S2z) ,

where a and b are constants. Determine the energy eigenvalues of this
system.

We use S = S1 + S2, i.e.,

S2 = S2
1 + S2

2 + 2S1 · S2,

so the Hamiltonian can be written

H =
a

8

(

S2 − S2
1 − S2

2

)

+ bh̄Sz.

The two spins can be combined to either total spin s = 0 or s = 1, and
we know that S2 has eigenvalue h̄2s(s+ 1), i.e. 0 for s = 0 and 2h̄2 for
s = 1. The eigenvalue of S2

1 and S2
2 is 3h̄2/4 (being spin-1/2 particles).

We can thus write down the eigenvalues of the Hamiltonian, i.e. the
energy eigenvalues, for state |s,ms〉 =

|0, 0〉: −3ah̄2

16
,

|1, 0〉: ah̄2

16
,

|1, 1〉: ah̄2

16
+ bh̄2,

|1,−1〉: ah̄2

16
− bh̄2.



5. (3 p) A harmonic oscillator with Hamiltonian

H =
p2

2m
+
mω2x2

2

is in its ground state. Then, for t ≥ 0 a perturbation of the form

V (x, t) = δmω2x2e−t/τ

is applied, with δ and τ real and positive. Using first-order time depen-
dent perturbation theory, compute the probability that the harmonic
oscillator is not in the ground state when t→ ∞.

According to the formula for time-dependent perturbation theory,

c(1)n (t) = − i

h̄

∫ t

0
〈n|VI(t

′)|0〉dt′ = − i

h̄

∫ t

0
eiωn0t′Vn0(t

′)dt′

with h̄ωn0 = En − E0 = nh̄ω. Here the t′- and x-dependence can be
separated, so that

Vn0(t
′) = 〈n|δmω2x2e−t′/τ |0〉 = δmω2e−t′/τ 〈n|x2|0〉

Using the formula

x =

√

h̄

2mω
(a+ a†)

we see that

Vn0(t
′) = δmω2e−t′/τ 〈n|x2|0〉 =

h̄ωδe−t′/τ

2
〈n|(a+ a†)2|0〉 =

h̄ωδe−t′/τ

2
〈n|(|0〉 +

√
2|2〉)

We are only interested in the part that is not the ground state (n = 0),
so only n = 2 contributes, with

lim t→ ∞ c
(1)
2 (t) = − i

h̄

∫ ∞

0
ei2ωt′ h̄ωδ√

2
e−t′/τ =

−iωδ√
2(2iω − 1

τ
)

Thus, the transition probability to first order as t→ ∞ is

|c(1)2 |2 =
ω2δ2

8ω2 + 2
τ2



Some useful formulas

∫ ∞

0
dxx2ne−λx2

=

√
π(2n)!

22n+1n!λn+ 1

2

∫ ∞

0
dxx2n+1e−λx2

=
n!

2λn+1

J±|j,m〉 = h̄
√

(j ∓m)(j ±m+ 1)|j,m± 1〉

For the harmonic oscillator:

a|n〉 =
√
n|n− 1〉

a†|n〉 =
√
n+ 1|n+ 1〉

[a, a†] = 1

a†a|n〉 = n|n〉

x =

√

h̄

2mω

(

a† + a
)

Note: There was a misprint in the sheet given out at the exam, making x
a factor of 2 too big.

p = i

√

mh̄ω

2

(

a† − a
)

〈l|x̂|n〉 =

√

h̄

2mω

(√
nδl,n−1 +

√
n+ 1δl,n+1

)

〈l|p̂|n〉 = i

√

mh̄ω

2

(

−
√
nδl,n−1 +

√
n+ 1δl,n+1

)

Ground state wave function for the harmonic oscillator:

〈x|0〉 =
(

mω

πh̄

)
1

4

e−
mωx

2

2h̄

Some spherical harmonics:

Y 0
0 =

1√
4π



Y 0
1 (θ) =

√

3

4π
cos θ

Y ±1
1 = ∓

√

3

8π
sin θe±iφ

Y 0
2 (θ) =

√

5

16π
(3 cos2 θ − 1)

Lz = −ih̄ ∂
∂φ

Commutators:

[x, F (p)] = ih̄
∂

∂p
F (p)

[p,G(x)] = −ih̄ ∂
∂x
G(x)

Spin operator for spin-1/2 particles: ~S = h̄
2
~σ

Pauli matrices:

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −i
i 0

)

, σ3 =

(

1 0
0 −1

)

Time independent perturabation, non-degenerate case:

|n〉 = |n(0)〉 + λ
∑

k 6=n

|k(0)〉 Vkn

E
(0)
n − E

(0)
k

+ . . .

∆n = En − E(0) = λVnn + λ2
∑

k 6=n

|Vnk|2

E
(0)
n − E

(0)
k

+ . . .

Time dependent perturbation theory:
Fermi’s Golden Rule

wi→n =
2π

h̄
|Vni|2δ(En − Ei)

c(0)n (t) = δni

c(1)(t) = − i

h̄

∫ t

t0
〈n|VI(t

′)|i〉dt′ = − i

h̄

∫ t

t0
eiωntt′Vni(t

′)dt′


