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1. FUNDAMENTAL CONCEPTS 3

1 Fundamental Concepts

1.1 Consider a ket space spanned by the eigenkets {|a')} of a Her-
mitian operator A. There is no degeneracy.

(a) Prove that
[I(A=d)

is a null operator.
(b) What is the significance of

I1

a'’#a

(A—a")

. a' —a

?

c) Illustrate (a) and (b) using A set equal to S, of a spin 1 system.
(c) g q pin ; sy

1.2 A spin % system is known to be in an eigenstate of S # with
eigenvalue //2, where 7 is a unit vector lying in the zz-plane that
makes an angle v with the positive z-axis.

(a) Suppose S, is measured. What is the probability of getting
+h/27

(b) Evaluate the dispersion in S,, that is,

((Sx = (S&))).

(For your own peace of mind check your answers for the special
cases vy =0, /2, and 7.)

1.3 (a) The simplest way to derive the Schwarz inequality goes as
follows. First observe

({a] +2%(B]) - (Je) + AlB)) = 0

for any complex number ); then choose X in such a way that the
preceding inequality reduces to the Schwarz inequility.



(b) Show that the equility sign in the generalized uncertainty re-
lation holds if the state in question satisfies

AAla) = MAB|a)
with A purely imaginary.

(c¢) Explicit calculations using the usual rules of wave mechanics
show that the wave function for a Gaussian wave packet given by

() = (2ma) it exp |1 ()

satisfies the uncertainty relation

S/ = 2.

Prove that the requirement

[N

(z'|Az|a) = (imaginary number)(z'|Ap|a)

is indeed satisfied for such a Gaussian wave packet, in agreement

with (b).

1.4 (a) Let z and p, be the coordinate and linear momentum in
one dimension. Evaluate the classical Poisson bracket

[$7 F(pl')]classical .

(b) Let z and p, be the corresponding quantum-mechanical opera-
tors this time. Evaluate the commutator

(2]

(c¢) Using the result obtained in (b), prove that

exp (Z2) 1), (ale’) = o)



2. QUANTUM DYNAMICS 7

is an eigenstate of the coordinate operator x. What is the corre-
sponding eigenvalue?

1.5 (a) Prove the following:
(i) (Plzla) = iho={p'le),

(i) (Blelay = [dfsitin

where ¢,(p') = (p'|a) and ¢p(p’) = (p'|F) are momentum-space wave
functions.
(b) What is the physical significance of

1=
e (5)

—
—

where z is the position operator and = is some number with the
dimension of momentum? Justify your answer.

2 Quantum Dynamics

2.1 Consider the spin-procession problem discussed in section 2.1
in Jackson. It can also be solved in the Heisenberg picture. Using

the Hamiltonian
eB
H=—(22)s5. =ws.
mc
write the Heisenberg equations of motion for the time-dependent
operators S.(t), S,(¢), and S.(t). Solve them to obtain S, , . as func-
tions of time.

2.2 Let z(¢) be the coordinate operator for a free particle in one
dimension in the Heisenberg picture. Evaluate

[2(), z(0)].



2.3 Consider a particle in three dimensions whose Hamiltonian is

given by
2

H=2 +1v@)

2m
By calculating [7 - p, H]| obtain

%@.@ _ <p_2> —(Z-VV).

m

To identify the preceding relation with the quantum-mechanical
analogue of the virial theorem it is essential that the left-hand side
vanish. Under what condition would this happen?

2.4 (a) Write down the wave function (in coordinate space) for the
state

You may use

I\ 2 1/2
<$/|0> — 7_[_—1/4:[:0—1/2 eXp [_% (x_) ] , (:EO = (i) ) .
To muw

(b) Obtain a simple expression that the probability that the state
is found in the ground state at ¢ = 0. Does this probability change
for t > 07

2.5 Consider a function, known as the correlation function, defined
by

C(t) = (x(t)2(0)),
where z(1) is the position operator in the Heisenberg picture. Eval-

uate the correlation function explicitly for the ground state of a
one-dimensional simple harmonic oscillator.
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2.6 Consider again a one-dimensional simple harmonic oscillator.
Do the following algebraically, that is, without using wave func-
tions.

(a) Construct a linear combination of |0) and |1) such that (z) is as
large as possible.

(b) Suppose the oscillator is in the state constructed in (a) at ¢t = 0.
What is the state vector for ¢ > 0 in the Schrodinger picture?
Evaluate the expectation value (z) as a function of time for ¢ > 0
using (i) the Schrodinger picture and (ii) the Heisenberg picture.

c) Evaluate ((Az)?) as a function of time using either picture.
g

2.7 A coherent state of a one-dimensional simple harmonic oscil-
lator is defined to be an eigenstate of the (non-Hermitian) annihi-
lation operator a:

alA) = AlA),
where ) is, in general, a complex number.

(a) Prove that
|)\> _ e—|>\|2/2€)\a7|0>

is a normalized coherent state.
(b) Prove the minimum uncertainty relation for such a state.
(c) Write |)) as
A) = Z%f(n)|71>-
Show that the distribution of |f(r)|* with respect to n is of the
Poisson form. Find the most probable value of n, hence of FE.

(d) Show that a coherent state can also be obtained by applying
the translation (finite-displacement) operator ¢='/* (where p is the
momentum operator, and [ is the displacement distance) to the
ground state.
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(e) Show that the coherent state |\) remains coherent under time-
evolution and calculate the time-evolved state |A(¢)). (Hint: di-
rectly apply the time-evolution operator.)

2.8 The quntum mechanical propagator, for a particle with mass
m, moving in a potential is given by:

K(z,y; F) = / dteiEt/h]&’(:z:,y;t,O) =AY
0 n

sin(nrz) sin(nry)

B — B2

2m
where A is a constant.
(a) What is the potential?

(b) Determine the constant A in terms of the parameters describing
the system (such as m, r etc. ).

2.9 Prove the relation 00(z)
T
=4
. ()
where 6(z) is the (unit) step function, and /(z) the Dirac delta
function. (Hint: study the effect on testfunctions.)

2.10 Derive the following expression
mw
Sat = o
: 2sin(wT)
for the classical action for a harmonic oscillator moving from the
point zg at t = 0 to the point zr at t = T.

[(;1:3 + 22%) cos(wT') — xoxT}

2.11 The Lagrangian of the single harmonic oscillator is

1 1
L= —-mi?— —mw?z?

2 2



2. QUANTUM DYNAMICS 11

(a) Show that

15

h

(xptp|Tats) = exp [ ] G(0,15;0,1,)

where S, is the action along the classical path z, from (z,,¢,) to
(23,13) and G is

G(0,;0,t,) =
m (e i Mm 1
. 2 2 2. 2
NN L O |
where ¢ = 2=ta

(N+1)*
(Hint: Let y(t) = z(t) — z4(t) be the new integration variable,
zq(t) being the solution of the Euler-Lagrange equation.)

(b) Show that (G can be written as

(N+1)

_ T
G = Nh_l}rgo <27Tih€) dy; ...dynexp(—n-on)
Y1
where n = : and n’ is its transpose. Write the symmetric
YN

matrix o.
(¢) Show that

~N/2

dyy . ..dynexp(—nTon E/dN enon — 1
/yl ynexp( ) y NZET

[Hint: Diagonalize ¢ by an orhogonal matrix.]

L \N
(d) Let (2;&) deto = detoly = py. Define j x j matrices o) that con-
sist of the first j rows and j columns of ¢, and whose determinants
are p;. By expanding o},, in minors show the following recursion

formula for the p;:

pini =2 —cwp—pimn j=1,...,N (2.1)
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(e) Let ¢(t) = ep; for t =1, + je and show that (2.1) implies that in
the limit ¢ — 0, ¢(t) satisfies the equation

d*¢ )
az = o)
with initial conditions ¢(t =¢,) =0, d¢(7;jt“) =1.
(f) Show that
mw 1mw
| Tala) = | —F————< —[(«? 2 T) — 2z,
(wololata) 2mihsin(wT) e;r;p{Qh sin(wT)[(xb +2,) cos(wT) =22 xb]}

where 7' =1, — 1,.

2.12 Show the composition property
/d$1[(f($2,t2; l’l,tl)[(f(l’l,tl; l’o,to) = [(f(l’z,tg; l’o,to)

where Ky(z1,t1;20,10) is the free propagator (Sakurai 2.5.16), by
explicitly performing the integral (¢.e. do not use completeness).

2.13 (a) Verify the relation

the
(I, IT;] = (7) ik Br

_,

whereH—m—:ﬁ—%and the relation
A7 dl 1 (dZ 5 = dF
— = — EF+—|—xB-Bx—]|.
T [ +2c(d . xdt)]

(b) Verify the continuity equation

dp ,7
E—I-V =0
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with ; given by

2.14 An electron moves in the presence of a uniform magnetic field
in the z-direction (B = Bz).

(a) Evaluate
[HI? Hl/]v

where A A
€Ay e
I, = p, — , HyEpy——y.
c c

(b) By comparing the Hamiltonian and the commutation relation
obtained in (a) with those of the one-dimensional oscillator problem
show how we can immediately write the energy eigenvalues as

s hik? N leB|h ( N 1)

n — n ~ 1

. 2m mc 2

where %k is the continuous eigenvalue of the p, operator and n is a
nonnegative integer including zero.

2.15 Consider a particle of mass m and charge ¢ in an impenetrable
cylinder with radius R and height a. Along the axis of the cylin-
der runs a thin, impenetrable solenoid carrying a magnetic flux .
Calculate the ground state energy and wavefunction.

2.16 A particle in one dimension (—occ < z < o) is subjected to a
constant force derivable from

V=X, (A>0).
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(a) Is the energy spectrum continuous or discrete? Write down an
approximate expression for the energy eigenfunction specified by

E.

(b) Discuss briefly what changes are needed if V' is replaced be

V= Az|.

3 Theory of Angular Momentum

3.1 Consider a sequence of Euler rotations represented by

D(1/2)(a7577) — exp <—i030é) exp —10903 exp (—Z’UB’Y)
2 2 2
( e—i(0+)/2 (o % —eie=N/2gip 8 )

2
e /2gin % e @t/2 cog %

Because of the group properties of rotations, we expect that this
sequence of operations is equivalent to a single rotation about some
axis by an angle ¢. Find ¢.

3.2 An angular-momentum eigenstate |j,m = mmax = J) is rotated

by an infinitesimal an%le ¢ about the y-axis. Without using the
. . 7) . . .

explicit form of the d;;; function, obtain an expression for the

probability for the new rotated state to be found in the original
state up to terms of order &°.

3.3 The wave function of a patricle subjected to a spherically
symmetrical potential V(r) is given by

P(7) = (z +y+32)f(r).
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(a) Is 1 an eigenfunction of L? If so, what is the /-value? If
not, what are the possible values of | we may obtain when L? is
measured?

(b) What are the probabilities for the particle to be found in various
m; states?

(c) Suppose it is known somehow that ¢ () is an energy eigenfunc-
tion with eigenvalue F. Indicate how we may find V(r).

3.4 Consider a particle with an intrinsic angular momentum (or
spin) of one unit of 4. (One example of such a particle is the p-
meson). Quantum-mechanically, such a particle is described by a
ketvector |g) or in 7 representation a wave function

o' (%) = (;ilo)

where |7,7) correspond to a particle at ¥ with spin in the ::th di-
rection.

(a) Show explicitly that infinitesimal rotations of o'(7) are obtained
by acting with the operator

u;zl—i%-(l_j—l— 5) (3.1)

where L = Bp x V. Determine S !
(b) Show that L and S commute.
(c) Show that S is a vector operator.

(d) Show that V x (&) = ;—2(§ﬁ)§ where p is the momentum oper-

ator.

3.5 We are to add angular momenta j; = 1 and j; = 1 to form
j=2,1, and 0 states. Using the ladder operator method express all
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(nine) j,m eigenkets in terms of |j;j2; mim;). Write your answer as

|j:1,m:1>:%H,O)—\%m,—l—),..., (3.2)

where + and 0 stand for m;,; = 1,0, respectively.

3.6 (a) Construct a spherical tensor of rank 1 out of two different
vectors U = (U,,U,,U.) and V = (V,,V,,V.). Explicitly write Till{o i
terms of U,,. and V,, ..

(b) Construct a spherical tensor of rank 2 out of two different
vectors [/ and V. Write down explicitly TfQ)’iLO in terms of U,, .

and V,, ..

3.7 (a) Evaluate
J :
> 1o (B)*m
m=—j

1

for any j (integer or half-integer); then check your answer for j = ;.

(b) Prove, for any j,
1 :
> md, (B)° = 3G + 1) sin B+ m” + L(3cos® B - 1).
m=—j

[Hint: This can be proved in many ways. You may, for instance,
examine the rotational properties of .J? using the spherical (irre-
ducible) tensor language.]

3.8 (a) Write zy, zz, and (2? — y*) as components of a spherical
(irreducible) tensor of rank 2.
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(b) The expectation value

Q = €<Oz,j,m :]|(322 - T2)|Oz,j,m :.7>

is known as the quadrupole moment. Evaluate
€<Oé,j, m/|($2 - y2)|a7j7m = ]>7

(where m’ = j,7—1,7—2,... )in terms of () and appropriate Clebsch-
Gordan coefficients.

4 Symmetry in Quantum Mechanics

4.1 (a) Assuming that the Hamiltonian is invariant under time
reversal, prove that the wave function for a spinless nondegenerate
system at any given instant of time can always be chosen to be
real.

(b) The wave function for a plane-wave state at ¢ = 0 is given by
a complex function e7%/*, Why does this not violate time-reversal
invariance?

4.2 Let ¢(j') be the momentum-space wave function for state |a),
that is, ¢(p') = (J'|a).Is the momentum-space wave function for the
time-reversed state O|a) given by &(p', ¢(—p'), ¢*(§), or ¢*(—p')?
Justify your answer.

4.3 Read section 4.3 in Sakurai to refresh your knowledge of the
quantum mechanics of periodic potentials. You know that the en-
ergybands in solids are described by the so called Bloch functions
Y, i fullfilling,

Vni(z + a) = e, ()
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where « is the lattice constant, n labels the band, and the lattice
momentum k is restricted to the Brillouin zone [—7/a, 7 /a].
Prove that any Bloch function can be written as,

Ynp(x) = qun(:li — Ri)eikR‘
R;

where the sum is over all lattice vectors R;. (In this simble one di-
mensional problem R; = ia, but the construction generalizes easily
to three dimensions.).

The functions ¢, are called Wannier functions, and are impor-
tant in the tight-binding description of solids. Show that the Wan-
nier functions are corresponding to different sites and/or different
bands are orthogonal, i.c. prove

/dwqﬁ;(ﬂf — Ri)pn(r — Rj) ~ 6i0pmn

Hint: Expand the ¢,s in Bloch functions and use their orthonor-
mality properties.

4.4 Suppose a spinless particle is bound to a fixed center by a
potential V(7) so assymetrical that no energy level is degenerate.
Using the time-reversal invariance prove

—

(L) =0

for any energy eigenstate. (This is known as quenching of orbital
angular momemtum.) If the wave function of such a nondegenerate
eigenstate is expanded as

;ZFzmw)W(e,@,

what kind of phase restrictions do we obtain on £, (r)?

4.5 The Hamiltonian for a spin 1 system is given by

H = AS?+ B(5.-5)).
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Solve this problem ezactly to find the normalized energy eigen-
states and eigenvalues. (A spin-dependent Hamiltonian of this kind
actually appears in crystal physics.) Is this Hamiltonian invariant
under time reversal? How do the normalized eigenstates you ob-
tained transform under time reversal?

5 Approximation Methods

5.1 Consider an isotropic harmonic oscillator in two dimensions.
The Hamiltonian is given by

2 2 2
Pz Dy 2 2
Hy=Pte L v
0= o Tom Tt @ +Y)

(a) What are the energies of the three lowest-lying states? Is there
any degeneracy?

(b) We now apply a perturbation
V = dmw’zy

where ¢ is a dimensionless real number much smaller than unity.
Find the zeroth-order energy eigenket and the corresponding en-
ergy to first order [that is the unperturbed energy obtained in (a)
plus the first-order energy shift] for each of the three lowest-lying
states.

(c) Solve the Hy+ V problem ezactly. Compare with the perturba-
tion results obtained in (b).

[You may use (n'|z|n) = \/h/2mw(v/n + 16 041 + /N0 -1).]

5.2 A system that has three unperturbed states can be represented
by the perturbed Hamiltonian matrix

E1 0 a

0 E; b
a* b* E2
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where F, > F;. The quantities ¢« and b are to be regarded as per-
turbations that are of the same order and are small compared with
F, — Fy. Use the second-order nondegenerate perturbation theory
to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally,
use the second-order degenerate perturbation theory. Compare
the three results obtained.

5.3 A one-dimensional harmonic oscillator is in its ground state
for t < 0. For ¢t > 0 it is subjected to a time-dependent but spatially
uniform force (not potential!) in the x-direction,

F(t) = Foe™'I7

(a) Using time-dependent perturbation theory to first order, obtain
the probability of finding the oscillator in its first excited state for
t > 0). Show that the ¢t — oo (7 finite) limit of your expression is
independent of time. Is this reasonable or surprising?

(b) Can we find higher excited states?

[You may use (n'|z|n) = \/h/2mw(v/n + 18, 41 + /100 n1).]

5.4 Consider a composite system made up of two spin ; objects.
for ¢t < 0, the Hamiltonian does not depend on spin and can be
taken to be zero by suitably adjusting the energy scale. For ¢ > 0,

the Hamiltonian is given by
4AN 7= =
H — <h—2) Sl . SQ.

Suppose the system is in | + —) for ¢ < 0. Find, as a function of
time, the probability for being found in each of the following states

|++>7 |+_>7 |_+>a |__>:
(a) By solving the problem exactly.
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(b) By solving the problem assuming the validity of first-order
time-dependent perturbation theory with H as a perturbation switched
on at { = 0. Under what condition does (b) give the correct results?

5.5 The ground state of a hydrogen atom (n = 1,/ = 0) is subjected
to a time-dependent potential as follows:

V(Z,t) = Vocos(kz — wt).

Using time-dependent perturbation theory, obtain an expression
for the transition rate at which the electron is emitted with mo-
mentum p. Show, in particular, how you may compute the angular
distribution of the ejected electron (in terms of # and ¢ defined
with respect to the z-axis). Discuss briefly the similarities and the
differences between this problem and the (more realistic) photo-
electric effect. (note: For the initial wave function use

= 1 Z % —Zr/a
Wpm1,1=0(%) = 7?(%) =7l

If you have a normalization problem, the final wave function may

be taken to be |
\II CE = <—3) eiﬁ'f/h
1@ =173
with L very large, but you should be able to show that the observ-
able effects are independent of [.)
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1 Fundamental Concepts

1.1 Consider a ket space spanned by the eigenkets {|a’)} of a Her-
mitian operator A. There is no degeneracy.
(a) Prove that

H(A —a)

l'l/

is a null operator.
(b) What is the significance of

(A — a”) 2

"

[1

!
al#a! a —a

¢) Illustrate (a) and (b) using A set equal to S, of a spin 1 system.
(c) g q pin ; sy

(a) Assume that |a) is an arbitrary state ket. Then

[H(A=d)e) = JI(A=d)2 |a") (a"|a) = > cor [](A = d')la")

a’ a’ a’
Catt

= S ew I - ')y <L 0. (1.1)

al

(b) Again for an arbitrary state |o) we will have

1

[H b] o) = [H Mlzwaw

a''#a’ Cl/ —a a'’#a’ Cl/ —a al
no___n
— Z<a/// Oé> H (aa/ — ;;,, ) |Cl”/> —
all a'#a

= Sa"[a)mwla”) = (]a)ld’) =

a/ll

[ H M] = |q/><a/| = A, (12)

! "
al'#a’ a —a

So it projects to the eigenket |a’).
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(c) Itis S, = R/2(|+)(+|—|—)(—|). This operator has eigenkets |+) and |—)
with eigenvalues /2 and -h/2 respectively. So

[0S, —d) = JJ(S.—d'1)

a’ a’

S = 1) = S + 12 D)
< [36H = 12D+ B + D)

0

= [SRI=N =R+ = =R =) (=) (+H =0, (1.3)

where we have used that |[4+)(+| + |-){(—| = 1.
For @’ = h/2 we have

(5. —a") _ (S.—a") _ S.+h
al;[a, a' —a" a,,gﬂ h/2—a"  h/24+Hh/2
1% i
= R = 1D+ R+ )
= TR = [ (1.4)

Similarly for ¢’ = —h/2 we have

(Sz . a”) (Sz . a”l) S, — %1
1[h h
=~ [SURH = )= = SO+ =)=
= (Al = (15)

1.2 A spin ; system is known to be in an eigenstate of S - f with

eigenvalue %/2, where 7 is a unit vector lying in the zz-plane that
makes an angle v with the positive z-axis.
(a) Suppose S, is measured. What is the probability of getting

+hy2?
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(b) Evaluate the dispersion in S,, that is,

((Se = (S=))*)-
(For your own peace of mind check your answers for the special
cases v =0, /2, and 7.)

Since the unit vector n makes an angle v with the positive z-axis and is
lying in the zz-plane, it can be written in the following way

n = €,cosy + €;sinvy (1.6)
So

S-f = S,cosy+ Sysiny = [(51.3.36),(S-1.4.18)]

= lg (H)(+] - |—><—|)] cos y + lg (=1 + |—><+|)] sin(1.7)

Since the system is in an eigenstate of S - with eigenvalue 1 /2 it has to
satisfay the following equation

S-alS - 4) = h/2|S A +). (1.8)
From (1.7) we have that
= . h i
S-ﬁ:—(c.‘)” Sm”). (1.9)
2\ silny —cosvy

The eigenvalues and eigenfuncions of this operator can be found if one solves
the secular equation

= . B h/2cosy — A h/2sin 5 B
det(S-n—)\[)—0:>det< hi2siny  —h/2cosy — A =0=

2 h? h? h
—ZCOSZ’y—I—)\Q—Zsin27:0:>)\2—Z:0:>)\::|:§. (1.10)
Since the system is in the eigenstate |§ n;+) = ( Z ) we will have that
E cosy  sinwy a _E ay acosy+bsiny =a N
2 \ siny —cosy b ) 2\0b asiny —bcosy =b
1— 2sin? 2
b=a——d =2 gan 2, (1.11)
sin 7y 2sin 5 cos 5 2
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But we want also the eigenstate |§ - 71;+) to be normalized, that is

ad+b=1 = aQ—I—aQtaan:1:>a2c082%a2sin2%:c0s2%
= a2:cos2%:>a::|: COSQ%:COS%, (1.12)

where the real positive convention has been used in the last step. This means
that the state in which the system is in, is given in terms of the eigenstates
of the S, operator by

1S +) = cos %|+> + Sm%|—>. (1.13)
(a) From (S-1.4.17) we know that

Sei+) = I+ + (1.14)

=)
V2
So the propability of getting +%/2 when S, is measured is given by

2

‘<Sz;+|§"fl;—|—>‘2 _ ‘(%<+|+\/L§<—|> (cos%|—|—>—|—sin%|—>)

1
= §cos §—|— §sin2%—|—cos%sin%

%—I—%sin’y: %(1—|—sin’y). (1.15)

For v = 0 which means that the system is in the |S,;4) eigenstate we have

(S5 +155; +>|2 = %(1) = % (1.16)

For v = m/2 which means that the system is in the |S,;+) eigenstate we
have

|(Se; +19; )P = 1. (1.17)
For v = m which means that the system is in the |S,; —) eigenstate we have

(s +15; _>|2 = %(U = % (1.18)
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(b) We have that

(82 = (S2))%) = (52) — ({S))". (1.19)
As we know
I
Se = (IR =
2 h?
Se = o (IRH D AR+ 1)) =
h? h?
So o= U+ =7 (1.20)
1
So
= eos Zea | + sin Ze—] B 4y = + - [cos 24+ sin 21~
(S0) = [cos 2(+] +sin 2=1] 5 (=1 + 1=)+D [cos 2y +5in -
= s Ysin Y+ Pl eos L2 B
= 2C0$2s1r12—|—2s1r12cos2 = 5 siny =
2
((S.)* = %sinZ’y and
5y = Jeos 24| 4 sin 2(— h_[ Y4+ sin 21
(S7) = [c082<—|—| —|—sm2< |] 1 c082|—|—>—|—sm2| )
K 27 27 h’
= Z[COS B + sin 5] =T (1.21)
So substituting in (1.19) we will have
o I .2 R*
((Sz — (Sz))*) = Z(l —sin“y) = 4 o5 (1.22)
and finally
h?
<(AS'I)2>W:0;ISZ;+) - (1.23)
(ASe)")y=rjzgsiiry = 0, (1.24)
h?
(A8 mogsy = o (1.25)
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1.3 (a) The simplest way to derive the Schwarz inequality goes as
follows. First observe

({al +A7(B1) - (|} + AlB)) 2 0

for any complex number ); then choose ) in such a way that the
preceding inequality reduces to the Schwarz inequility.

(b) Show that the equility sign in the generalized uncertainty re-
lation holds if the state in question satisfies

AAla) = MAB|a)
with A purely imaginary.

(c¢) Explicit calculations using the usual rules of wave mechanics
show that the wave function for a Gaussian wave packet given by

R

satisfies the uncertainty relation

S /(ap = 2.

Prove that the requirement

[N

(z'|Az]a) = (imaginary number){z'|Ap|a)

is indeed satisfied for such a Gaussian wave packet, in agreement

with (b).

(a) We know that for an arbitrary state |¢) the following relation holds
(c|ey > 0. (1.26)

This means that if we choose |¢) = |a) + A|3) where X is a complex number,
we will have

({a] +2(B]) - (le) + A|B)) = 0 = (1.27)
(ala) + AalB) + A*(Bla) + [A*(B]8) = 0. (1.28)
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If we now choose A = —(|a)/(5|3) the previous relation will be

(afa) — (Bladald) _ @la)iald) | G2 5 o

BBy (818 (B18)

(ala)(BB) = [(Ble)|*. (1.29)

Notice that the equality sign in the last relation holds when

) =la) + A8} = 0 = ) = ~A9) (1.30)
that is if |@) and |3) are colinear.

(b) The uncertainty relation is

(AAPN(AB)) = S [([AB)I (1.31)

=

To prove this relation we use the Schwarz inequality (1.29) for the vectors

o) = AAJa) and |3) = AB|a) which gives
(AAP)(AB)) = |(AAAB)P. (1.32)

The equality sign in this relation holds according to (1.30) when
AAla) = AAB|a). (1.33)

On the other hand the right-hand side of (1.32) is
1 1
(AAAB) = (A4, B)P + T 1({AA, ABY)] (1.34)
which means that the equality sign in the uncertainty relation (1.31) holds if

1
1 [({AA4,ABY =0= ({AA,AB}) =0
= (a|AAAB+ ABAAJa)=0 (1:29) M(al(AB)?|a) + Ma|(AB)?*la) = 0
= (A +X){a|(AB)?a) = 0. (1.35)
Thus the equality sign in the uncertainty relation holds when

AAla) = NAB|a) (1.36)

with A purely imaginary.
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(c) We have
(z'|Az|a) =

On the other hand
(z'|Aple) =

But

So substituting in (1.38) we have

(@Iapla) = (p)ala) + o (o' — (&) (2'a) — (p)(a'lo)
= 5 0~ ) el = gt laale) =
(#Azle) = = ZC(a'|Apla).

(@'|(z — (z))|) = 2'(2'|a) — (z){2]a)
(z" = (z))(2"]a).

(1.37)

(1.38)

(1.39)

(1.40)

1.4 (a) Let z and p, be the coordinate and linear momentum in
one dimension. Evaluate the classical Poisson bracket

[$7 F(pl')]classical .

(b) Let z and p, be the corresponding quantum-mechanical opera-
tors this time. Evaluate the commutator

o (2)]

(¢) Using the result obtained in (b), prove that

exp (Z2) 1), (ale') = o)
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is an eigenstate of the coordinate operator x. What is the corre-
sponding eigenvalue?

(a) We have

| _ 020F(ps;) Oz OF(ps)
[‘1;7 F(pl'>]classical = ax apr N apx aCE
IF (pz)
_ ' 1.41
o (1.41)

(b) When z and p, are treated as quantum-mechanical operators we have
1Psa o (a)" ph| o~ 1 Ga)"

x,exp | — = |z ) - il T

[’ p(h)] lz% n n'] nzn! 1P

1 nnl
_v

pr[l’ pe pr !

a)" R e
n’ hn Zh Zpk kl:zn[ hnlpl’ 1(-&)

k=0 n=1

= —a Z <Z;pr)n_l = —aexp <zp];a) . (1.42)

(c) We have now

e ()]

—_
o

) exp ( h ) zlz') — aexp <ip;a) |2")
- on ()11 (B2}
= (2 — a)ex (Z ””a)| ", (1.43)

So exp <"p$”‘) |z'} is an eigenstate of the operator x with eigenvalue 2’ — a.

So we can write

|#" —a) = Cexp <zp;a) |z, (1.44)

where (' is a constant which due to normalization can be taken to be 1.
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1.5 (a) Prove the following:

() (plel) = zh§<p'|a>,
i) (Blele) = [ a5l onlr)

where ¢,(p') = (p'|la) and ¢3(p') = (p'|3) are momentum-space wave
functions.
(b) What is the physical significance of

exp ,
h

where z is the position operator and = is some number with the
dimension of momentum? Justify your answer.

(a) We have
(i)

(#lzla) = p|x/dx|x v a) = [ da'{pf|ala’) (e’
= /d:p (p'|z")(z'|ax) (5= 1:732)/d;r;;t; e_ime<:1c’|a>

= A/dm’a—p/ (e_%) (th){z'|a) = zh— [/ dr' Ae™

= i [ sty ae)] - zh§<p'|a> =
0

(p'lele) = @h?<p’|a>- (1.45)

(')

(Blela) = [ a (@) 1ele) = [ dslot ity onlsl), (146

where we have used (1.45) and that (3|p’) = ¢5(p') and (p'|a) = du(p').
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(b) The operator exp ”‘"“ gives translation in momentum space. This can
be justified by calculatmg the following operator

per ()] = P Za(F) =S (F) v

=0 0

o~
Il
—

I
N
S|
TR
o= i
N—
3
Mz
=
3
iy
=)
3,
=
T

o] 1 'H n n . . o] 1 ZE n . .
- >5(%) 2 (=ih)z = () e
> 1 =\t 1 = 201 /frx=\"
— _ n- —h _ :E —_
;(n—l)!<h> ’ (l)<h) 2@(73)
H=)
= = 1.4
(59 )

So when this commutator acts on an eigenstate |p’) of the momentum oper-

ator we will have

e (2] = oo (201 (2=
zeso (57) = oo (55)10] o oo (7)) 09 =
plew (S55) 0] = 043 e (55) )] (1.45)

Thus we have that

1= PR
exp (557) I¥) = Al + ), (1.49)

where A is a constant which due to normalization can be taken to be 1.
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2 Quantum Dynamics

2.1 Consider the spin-procession problem discussed in section 2.1
in Jackson. It can also be solved in the Heisenberg picture. Using

the Hamiltonian
eB
H=—(2)5 =ws.,
mc
write the Heisenberg equations of motion for the time-dependent
operators S5.(t), Sy(t), and S,(¢). Solve them to obtain S, , . as func-
tions of time.

Let us first prove the following

[As, Bs] =Cs= [AH, BH] =Cpy. (21)
Indeed we have
[Ap, By] = [uTASu,uTBSu] = UTAsBsU — U BsAsU
= U'[As, Bs]U =UTCsU = Cy. (2.2)
The Heisenberg equation of motion gives
dS, 1 1 (5-1.4.20) W , .
= —_— . H = — T P = -\ — h - — ) 2
ds, 1 1 (S-1.4.20) W . _
T [Sy, H] = - [Sy,wS.] T = - (1hS;) = wS,, (2.4)
s, 1 1 (5—1.4.20) _
T [S., H] = - [S.,wS;] " =77"0= 5, = constant. (2.5)
Differentiating once more eqs. (2.3) and (2.4) we get
d*S, d .
O = —t,ué @4 —wkS, = Sz(t) = Acoswt + Bsinwl = S,(0) = A
dt? dt
d? dS, (.
dtgy = w dSt (23) —wQSy = S,(t) = C coswt + Dsinwt = S,(0) = C.

But on the other hand
dS,
dt

—Awsinwt + Bwcoswt = —Cwcoswt — Dwsinwt =

A=D  (C=-B. (2.6)

= —wSy =
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So, finally
Sz(t) = Sz(0)coswt — S5,(0)sin wt (2.7)
Sy(t) = 5,(0)coswt + 5;(0) sin wt (2.8)
S.(t) = 5.(0). (2.9)

2.2 Let z(¢) be the coordinate operator for a free particle in one
dimension in the Heisenberg picture. Evaluate

(1), 2(0)].

The Hamiltonian for a free particle in one dimension is given by

2
=2 (2.10)

2m’

This means that the Heisenberg equations of motion for the operators = and

p will be
2w~ b= g o5 <0
p1) = p(0) 211)
ag—(tt) - %[“”H] - % lx(t)’ng)] - 2n1ih2p(t)m - % = l%
o(l) = %p(()) + 2(0). (2.12)
Thus finally
(1) 20)] = [ =p(0) + 2(0).2(0)] = L o). 2(0)] = - (213

2.3 Consider a particle in three dimensions whose Hamiltonian is
given by
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By calculating [7 - p, H| obtain
d, . P’ L e

To identify the preceding relation with the quantum-mechanical
analogue of the virial theorem it is essential that the left-hand side
vanish. Under what condition would this happen?

Let us first calculate the commutator [Z - p, H]

2
[7-p, H] = [:Ic’ﬁgp —I—V;E’] [szpl,zgp—;l—l—\/(f)

- l ]pZ—I—Z;CZ[p“Vf]J | (2.14)
(2.1

The first commutator in 4) will give

2 L
[% ﬁ] = Qm[ P = Qm(}% [zi, p;] + [z, ps]p;) = %(Pﬂh% + ihd;;p;)

1. th
m m

The second commutator can be calculated if we Taylor expand the function
V() in terms of z; which means that we take V(Z) = ¥, a,2? with a,
independent of x;. So

[pi, V(Z)] = [pi,Zan:L'?] Zan [pi, @ Zanz b [pi, i) :zk 1
n=0 n

= Eannzzl —ih)z = —ihZann;t;?_l = Zanx?
n k=0 n D n
= —ih 0 V(Z). (2.16)
ox;
The right-hand side of (2.14) now becomes
[@-p, H] = ZZ5ZJpJpZ+E —ih ;L'Zaaxl (%)

1
1)
- ’—p —ihi - VV(F). (2.17)
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The Heisenberg equation of motion gives

d, o 1., _ enp e

TP = Z,h[x-p,H] = -3 VV(7) =
4w = () @9y (2.18)
a P T A\ v ’ '

where in the last step we used the fact that the state kets in the Heisenberg
picture are independent of time.

The left-hand side of the last equation vanishes for a stationary state.
Indeed we have
d 1

Lo L 1 L
Snl@ - fin) = —(nl (£ 5, H][n) = — (En{ul - 7ln) — Ea(nl7 - fln)) = 0

So to have the quantum-mechanical analogue of the virial theorem we can
take the expectation values with respect to a stationaru state.

2.4 (a) Write down the wave function (in coordinate space) for the

state )
—ipa
0).
exp (=) o)

G (=65

— , To=|— :

To mw

(b) Obtain a simple expression that the probability that the state

is found in the ground state at { = 0. Does this probability change
for ¢t > 07

You may use

[N

(z'|0) = 7T_1/4:l?61/2 exp [—

(a) We have

la,t =0) = exp (—Zpa) 0) =

h
oyt =0y = (a'exp () j0) “E (@ — al0)

r N2
= e [_g (xw “) ] . (2.19)
0
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(b) This probability is given by the expression

(Ol t = 0)* = lfexp (=2) o). (2.20)

So
Cl2

t = = -— 2.22
(Ot =0 = exp (~502) 2:22)

Fort >0

1H
(Olas ) = {OU(D]ast = 0) = (0] exp (=27 ) lat = O

= \e—onf/h<0|a,t:o>\ = |(0]ex, £ = 0)]2. (2.23)

2.5 Consider a function, known as the correlation function, defined

by
C(t) = (x(t)x(0)), (2.24)

where z(1) is the position operator in the Heisenberg picture. Eval-
uate the correlation function explicitly for the ground state of a
one-dimensional simple harmonic oscillator.



2. QUANTUM DYNAMICS 41

The Hamiltonian for a one-dimensional harmonic oscillator is given by

P

2m

+ %mngL’Q(t). (2.25)

So the Heisenberg equations of motion will give

= M= g 0.5 )
- Qém[ (1), p*(1)] + 3m 2%[3:@),:1:2@)}
PO~ L. %[pa),p;;)ﬁmw%?(w]

= 57 [p(t),ﬁ(t) =5 [—2ihz(t)] = —mw?z(t). (2.27)

Differentiating once more the equations (2.26) and (2.27) we get

dx(t 1 dp(t
%g) = E% (2:27) —w2;z:(t) = z(t) = Acoswt + Bsinwt = z(0) = A
d?*p(t 1 dz(t
CZ(Z ) = - il(t ) (2.29) —w’p(t) = p(t) = Ccoswt + Dsinwt = p(0) = C.
But on the other hand from (2.26) we have
d
q a0
dit m
. ~p(0) .
—wz(0)sinwt + Bwcoswt = —=coswt+ —sinwt =
m m
B = l@ D = —mwz(0). (2.28)
mw
So
p(0) .
1) = t+ —= it 2.2
z(t) = 2(0) coswt + p— sin w (2.29)

and the correlation function will be

C(t) = (z(t)z(0)) "= <$2(0)> cos wt + <p(0);z;(0)>i sin wt. (2.30)

mw
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Since we are interested in the ground state the expectation values appearing
in the last relation will be

(@(0) = (O —(a+at)(a+ah)o) = 5 —(0laa]0) = - 2.31)

(p0)(0) = it o]t a)(a + ") 0

h h
= —i§<0|aaT|0> = —ig. (2.32)
Thus
h h :
C(t) = e €08 wt — ime sinwt = %6_“‘“‘. (2.33)

2.6 Consider a one-dimensional simple harmonic oscillator. Do the
following algebraically, that is, without using wave functions.

(a) Construct a linear combination of |0) and |1) such that (z) is as
large as possible.

(b) Suppose the oscillator is in the state constructed in (a) at ¢ = 0.
What is the state vector for { > 0 in the Schrodinger picture?
Evaluate the expectation value (z) as a function of time for ¢ > 0
using (i) the Schrodinger picture and (ii) the Heisenberg picture.

(c) Evaluate ((Az)?) as a function of time using either picture.

(a) We want to find a state |a) = ¢o|0) + ¢1]1) such that (x) is as large as
possible. The state |a) should be normalized. This means

|CO|2 —|— |Cl|2 = 1 = |Cl| = \/1 — |Co|2. (234)

We can write the constands ¢y and ¢; in the following form

o = |eole™

o = |ale® B2 it g, (2.35)
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The average (z) in a one-dimensional simple harmonic oscillator is given

by

(z) = (alela) = (G(0] + ci(1]) # (c0|0) + e1[1))
= leol*(0]2[0) + cGer(0lz[1) + ceo(1]z[0) + fes [*(1]]1)
h

[ h
= Jeol? %<O|a—|—aT|O>—|—cgc1 T~ <0|a—|—aT|1>
+cic h ——(1|a + a'0) + |¢ |2\/ h (1]a + a'|1)
OV 2mw ! 2mw
h * * h *
= H %(Cocl + Clco) =2 %%(Cocl)
h
= 24 5 cos(d1 — do)|coly/1 — |col?, (2.36)

where we have used that z = \/2:1—”(“(@ + aT).
What we need is to find the values of |¢g| and d; — &g that make the
average (x) as large as possible.

2
0@) _ o o T Jalr = AL R a2 =0
9| col V1 = eol?
1
|CO| \/5 ( )
d(x) .
2 =0 = —sin(dy —dp) = 0= 0y =g+ nmw, n € Z. (2.38)
1
But for () maximum we want also
92
<f> <0=n=2k, kezZ. (2.39)
a(sl 51:51777,(11

So we can write that

|a> . 6 (60+2km)

(|0> +11)). (2.40)

%\

10) + €l 1|1>—
\f V2l

We can always take dg = 0. Thus

o) = (|0> +11))- (2.41)

%\
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(b) We have |a,tg) = |a). So

. 1 1
oy toit) = Ultsto=0)lasto) = e~ Ma) = —5emPM0) 4 e PH1)
1 —tw —iw 1 —iw —tw
= % (e71/2]0) + e 3/2|1)) = %5 Y2 (10) + e71)) (2.42)
1) In the Schrodinger picture
(i) ger p
<$>S = <a,t0;t|x5|a,t0;t>s
1 ; ; 1 —tw —iw
_ [_2 (ezwt/2<0| + ewat/2<1|)] T [ﬁ (6 t/2|0> N 3t/2|1>)]
— %ei(wt/Q—wSt/2)<0|$|1> + %ei(wSt/Q—wt/2)<1|$|0>
. h : h h
_ 1 _—wt 1wt _
= je T + e 5 = \/me cos wt. (2.43)
i1) In the Heisenberg picture we have from (2.29) that
g
zp(t) = 2(0) coswt + Z& sin wt.
mw
So
()u = (a|zn|a)

= l_2<0| + %m] (:z:(()) cos wt + }%sinwt) [%m} + \%m]

1
coswt(0]z|1) + %cos wt(1]z|0) + %— sinwt(0[p[1)
mw

L.
—I—%% sinwt(1|p|0)

1 h 1 h 1  Imhw
2\ 5 coswl + 3 Sy coswt + 5 sinwt(—1) 5

N 1 . 4 mhw
T~ sin wti 5
h
= cos wt. (2.44)
2mw

(c) It is known that
((Az)?) = (27) = (z)* (2.45)
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In the Schodinger picture we have

h
=5 (a2 + at’ +aat + aTa), (2.46)
mw

h
2 _ 1
v [ Qmw(a—l_a)

which means that

(@2 = (ato; oo to; s
_ 1 zwt/Z w3t/2 1 —twt/2 —iw3t/2
= [ g (o e 2| T (oo + o)
W w A w h
= [Leler D 0laat|0) + Lef 2D | gal (1) + <1|aTa|1>}M
h
= |49l = —. 2.4
{Z—I_ 2 F }Qmw 2mw (247)
So
2y (243) D _ h 2 .2
((Az)%)s "= S~ G €08 wt = ——sin wt. (2.48)

In the Heisenberg picture

p(0) :
a:%l(t) = |2(0)coswt + }:n—w sin wt
2
0
= :1;2(0) cos?wt + iziwz sin? wt
0)p(0 0)z(0
—I—L )p( )coswtsinwt—l—pi( ):1:( )

mw mw

cos wi sin wt

h

= 5 (a2 + at’ +aal + aTa) cos? wit
mw

mhw 2 +

(a +a —aa

— aTa:) sin? wit

 Im2w?
1 hmhw sin 2wt

(atah)(a' —a) 2

sin 2wt

2

mw \ 4dmw

1 hmhw +

(a" —a)(a+ aT)

h
= 5= (a2 + at? +aal + aTa) cos? wit
mw

mw \ 4dmw




46

h
—2—(a2 + ot — adt — aTa) sin? wt + 2@ (aTZ — a2) sin 2wt
mw mw
h h
= (aaT + aTa) + a’ cos 2wt + at? cos 2wt
2mw 2mw mw
h
2@ (aT2 — a®)sin 2wt (2.49)
mw

which means that

(whhn = (alrglo)u

o R ]

X {aaT +ata + a?cos 20t + at? cos 2wt + i(aT2 — a:2) sin th}

= h {<O|aaT|0> + (1]aa'|1) + <1|aTa|1>}

dmw
h h

= —[1+24+1]=—.

dmw mw
So
) h h
(Az)) g @y _ B cos? wt = sin? wt. (2.51)

2mw  2mw 2mw

2.7 A coherent state of a one-dimensional simple harmonic oscil-
lator is defined to be an eigenstate of the (non-Hermitian) annihi-
lation operator a:

alA) = AlA),
where ) is, in general, a complex number.

(a) Prove that
A) = e P72

is a normalized coherent state.

(b) Prove the minimum uncertainty relation for such a state.

(2.50)
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(c) Write |)) as
A) =2 f(n)n).
n=0
Show that the distribution of |f(n)|* with respect to n is of the
Poisson form. Find the most probable value of n, hence of £.

(d) Show that a coherent state can also be obtained by applying
the translation (finite-displacement) operator e~!/* (where p is the
momentum operator, and [ is the displacement distance) to the
ground state.

(e) Show that the coherent state |\) remains coherent under time-
evolution and calculate the time-evolved state |A(¢)). (Hint: di-
rectly apply the time-evolution operator.)

(a) We have
alA) = T2t 0) = =P/ (g, '] |0), (2.52)

since a|0) = 0. The commutator is

G,T > 1 n > 1 n n
la,e™] = [%Z — (") ] =2 ) [, ()]
n=0 ° n=0 °
S DEPY 9 Ll EFUITOLE DIEPED 9Ith
n=1 n. k=1 n=1 n. k=1
| o ]
— A e = A5 = (aah)” = Aer. 9.
;(n—l)! (a) nZ::On!(a) e (2.53)
So from (2.52)
alh) = e PP2xerT o) = M), (2.54)

which means that |A) is a coherent state. If it is normalized, it should satisfy

also (A|A) = 1. Indeed

<)\|)\> ey <0|€/\*a€_|>\|2€AaT|O> — €_|)\|2<0|€A*a€AaT|O>
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= PPy ﬁ@*)”km@la”l(ﬁ)ml@ [(a®)™[0) = Vm!|m)]
= Y gg(mn ™(n|m) = e MY %(IAIQ)”

2 2
— e PP =,

(2.55)

(b) According to problem (1.3) the state should satisfy the following relation

Ax|)) = cAplh),

(2.56)

where Az = z — (Az|X), Ap = p — (A|p|A) and ¢ is a purely imaginary

number.
Since |A) is a coherent state we have

aldy = A|A) = (Aat = (AA".

Using this relation we can write

o) = oo (a + ah)) = [ (A + ah))

and

(2.57)

(2.58)

() = ) = [l + aN)N) = /5o ((Alald) + (Aal|)

and so

h

2mw

Az|A) = (z = (2))]A) = (a” = A)IA).

Similarly for the momentum p = 7,/ mTh‘“(aT — a) we have

mhw

PN = Vi " ot~ al) = iy

. (a = NI

(2.59)

(2.60)

(2.61)
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and
1) = Ol = iy "2 (o — @)l = iy (A |) — (Ala]))
— mThw()\*—)\) (2.62)
and so

mhw

Apl) = (p= (PN =i/ = —(a = \)N) =

(= XYN) = iy A, (2.63)

So using the last relation in (2.60)

i
Az|A) = ——Ap|A) o Ap|A 2.64
71\ Qmw \/mhw P mw PIA) (2:64)
purely imaginary

and thus the minimum uncertainty condition is satisfied.

(c) The coherent state can be expressed as a superposition of energy eigen-
states

. i n)(n]) = i f(m)n). (2.65)

for the expansion coefficients f(n) we have

f(n) = (n]A) = <n|e—|)\|2/26)\aT|0> _ e—|/\|2/2<n|6)\aT|0>

2 =1 279 = 1
= P 3 SO0y = NS S al(a!)0)
279 v 1 29 1
— AP/ 2 o\ / — e~ PF/2___yn
= e ;0 m!)\ ml{n|m) = e m)\ = (2.66)
)\Qn
e = P ey (2.67)

which means that the distribution of | f(r)]* with respect to n is of the Poisson
type about some mean value i = |AJ2.



50

The most probable value of n is given by the maximum of the distribution
|f(n)]* which can be found in the following way

DRy
St DF _ Spr e > 1 (2.68)
|f(n)? B exp(=AP)  n+1 7

which means that the most probable value of n is |A|%.

(d) We should check if the state exp (—ipl/h) |0) is an eigenstate of the an-
nihilation operator a. We have

aexp (—ipl/h)|0) = [a e Zpl/h} |0) (2.69)

since a|0) = 0. For the commutator in the last relation we have

|a, eC7M] = > (%l)n 0l =3 ( Zl) Epk Ha, plp

n!

n=0 n’ n=1
© 1 [—il\" & mhw
- Za(7) By

)
= z\/i iR, (2.70)

where we have used that

h h
T la,at —a] =i % (2.71)

[a,p] =1

So substituting (2.70) in (2.69) we get

alexp (—ipl/h) [0)] = /5 [exp (~ipl /1) ]0)] (2.72)

which means that the state exp (—ipl/h)|0) is a coherent state with eigen-

value [, /7.
(e) Using the hint we have
: : s 279 1
AW)Y = U = e B2 YT Ry
V!

n=0
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00 ' 1 oo 1 1

_ —iBnt/h_—|\?/2 A" (2.3.9) Thw(n+2) —|A12/2 A"

] e e e n = € € — n
> ) 42 5 Ly

n=0 n=0
00 CoNnm . 1
— e~ W) g Wwt/2=IMF/2___ymp
5 e ey
' 50 it /\ —twt\" ) . .
2 Y e |2/2M|n> (2.66) e~ Ne Tt (2.73)

n=0 m
Thus

e—iwt/2a|/\e—iwt> — /\e—iwte—iwt/2|/\e—iwt>

= A1), (2.74)

alA(1))

2.8 The quntum mechanical propagator, for a particle with mass
m, moving in a potential is given by:

sin(nrz) sin(nry)
B B2 2

2m

K(z,y; E) = / dteiEt/hK(;r;,y;t,O) =AY
0 n

where A is a constant.
(a) What is the potential?

(b) Determine the constant A in terms of the parameters describing
the system (such as m, r etc. ).

We have
Ky B) = [ dte™ K a,yi,0)= [ die™ G, ty,0)
_ /OOO dteiEt/h<x|e—th/h|y>
= [ eI e ) )
= /OOO dte'Pth Z e_iE"t/h<:1:|n><n|y>
= Y eu@)ly) [ EEE
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— Yl g (2.75)
So
> ()i ) e = Ay Tl
n n 2m
bu(T) = \/%sin(nr:r:), E, = f;: n?. (2.76)

For a one dimensional infinite square well potential with size L the energy
eigenvalue £, and eigenfunctions ¢,(z) are given by

, 2 . /nmx B /2 )
sole) =\ (7)) Be= g (F) (2.77)

Comparing with (2.76) we get T =r = L = T and

0 for0<ao<z
V= { o0 otherwise (2.78)
while
A 2r 2hr
th 7w ~ = (2.79)

2.9 Prove the relation 06(z)
T
=4
. ()
where 6(z) is the (unit) step function, and /(z) the Dirac delta
function. (Hint: study the effect on testfunctions.)

For an arbitrary test function f(z) we have

/+<><> dg(w)f(:c)d:c = /+OO d [0(z)f(z)] d;z;_/+oo H(x)de

—00 de —00 % —00 d.f
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_ egwf@gjg__4+mdgfhm
= i 1)~ 5@ = 50)
- /_T:é(x)f(:p)dxi
i)
= (), (2.80)

2.10 Derive the following expression

Scl

mw
= Sen(@T) [(:z;g + 22%) cos(wT) — :L’O:L‘T}

for the classical action for a harmonic oscillator moving from the
point zo at { = 0 to the point zy at t = T.

The Lagrangian for the one dimensional harmonic oscillator is given by

L(z,3) = %mi’Q — %me;L’Q. (2.81)

From the Lagrange equation we have

oL doL (s 9 d, ..
%_E%_Oé—mww—%(ml’)—ﬂi
4wz =0. (2.82)

which is the equation of motion for the system. This can be solved to give
z(t) = Acoswt + Bsinwt (2.83)

with boundary conditions

z(t=0) = zo=A (2.84)
z(t=T) = z7==a¢coswl + Bsinwl = BsinwT = z7 — x¢coswT =
B TT — T COS wT‘ (2.85)

sinwT
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So
7 — TocoswT
z(t) = xocoswt+ T _ 0 sin wt
sin w
_ xgcoswi sinwT + z7sinwt — zg cos wT sin wit
N sinwT
zrsinwt + zosinw(T —1
_ T -I-‘ 0 ( ) N (2.86)
sinwT
. zw coswt — zow cosw(T — 1)
z(t) = - . 2.87
( ) sinwT ( )

With these at hand we have
It / 1 2 1 2.2
| ¥ _/ 1 (Lna? — 1

/0 (l’ l’) = 0 (2m$ Qmw Zz )

_ Td od 1.« 1. 229
= /0 t 5ma (z;a;)—imzz::zi—imw T

S

T m T
- —%m/ diz[i + wz.’z;] + —zz
0 2

(2.82) ™M

0

=" 5 [(D)&(T) = 2(0)i(0)]
mo_rTe Tow
-2 sinTwT (w7 cos T —zo) - sinOwT (27 — 20 cos WT)]
B Qﬂ {TQT coswT' — zorr — ToxT + 2§ COS wT}
sin w
= 3 S?;L:T {(:L’%« + x3) coswT — QJ?OJ}T} ) (2.88)

2.11 The Lagrangian of the single harmonic oscillator is

1 1
L=—mi*— §mw2:z;2

2
(a) Show that

(xptp|zots) = exp [Zi’:l

:| G(Oa tb; 07 ta)

where S, is the action along the classical path z., from (z,,¢,) to
(23,%) and G is

G(0,14;0,t,) =
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(VN+1) . N
- m_\Te iMooy L ]
&Téo/dyl"'dw <2mhs) ewp{h;[%(yf“ vi)" = gemey; }

where ¢ = ﬁ
[Hint: Let y(¢) = z(¢t) — z4(t) be the new integration variable,

z.(t) being the solution of the Euler-Lagrange equation.]

(b) Show that (¢ can be written as

(N+1)
T m 2 _ T
G = ]\}1_13;0 <27Tih€) /dyl ...dynexp(—n"on)
Y1
where n = : and n’ is its transpose. Write the symmetric
YN

matrix o.
(¢) Show that

~N/2

vVdeto

/dyl . dyNe:L'p(—nTJn) = /dNne—nTUn _

[Hint: Diagonalize ¢ by an orthogonal matrix.]

L \N
(d) Let (2;1&) deto = detoly = py. Define j x j matrices o) that con-
sist of the first j rows and j columns of o), and whose determinants
are p;. By expanding o},, in minors show the following recursion

formula for the p;:

pint =2 —cwp—pimn j=1,...,N (2.89)

(e) Let ¢(t) = ep; for t = t,+ je and show that (2.89) implies that in
the limit ¢ — 0, ¢(¢) satisfies the equation

’d
s B(t)

with initial conditions ¢(t =1,) =0, Mf;ll = 1.
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(f) Show that

mw Tmw

t ata - PN 3 - 7 N
(ots|Zata) 2mihsin(wT) exp{Qh sin(wT")

[(z7 + 22) cos(wT') — 2:5',11’5]}
where 7' =1, — 1,.
(a) Because at any given point the position kets in the Heisenberg picture

form a complete set, it is legitimate to insert the identity operator written
as

/d:z;|a;t><;z;t| —1 (2.90)
So
<$btb|$ata> = ]\P—I}go / d.fL‘ld;L'Q Ce d.TL‘N<.TL‘btb|.I‘NtN><.TL‘NtN|$N_1tN_1> Lo X
<[Ei+1ti+1|$iti> Ce <$1t1|$ata>. (291)
It is
(Tipitipaleds) = (o |e FERTR ) = (2 [eHP ;)
el o1
= <l’i+1 |€_25(2mp2+2mw2x2)|1’i> (since ¢ is very small)
L2 el
= (2ig|e B Eme TR T )
—i£ smuwlz? e p®
= e 'n2 (i€ 7o |x;) (2.92)

For the second term in this last equation we have

'5_2 _2'3_2
(wirile T le) = [ dpiaisale T ) (pila)

1 _'iﬁ . . P A
— dple ' 2m elpt(l'z-}-l Iz)/

€

1 dpse” 7 [P?—Qpi?(Iz‘+1—$i)+e—2(zi+1—Ii)2—5—2($i+1—$z‘)2}
- 27mh '

; 2 . 2
_ ! eﬁh%(ﬁ“_mz/dpie_lfm[pi—pi?(fm—%)]

2mh




2. QUANTUM DYNAMICS 57

— 1 TR 2 (i1 =) m2hm
2mh 1€
= Vg (2.93)
Substituting this in (2.92) we get
1
. . 4.\ — m 2 i[ﬂs(zg+1—z¢)2—lamw2zi]
(@iaabina |2ils) = (m hg) eils ; (2.94)

and this into (2.91):
(xptp|Tats) /D;L’ exp{gS[ ]}
(N+1) . N
. m 2 1 m 1
&T&o/da’l o.dry <27Tih5) xp {£]Z:% I:g(.fj_}_l — ;) — §5mw2g;2] } )
Let y(t) = x(t) —za(t) = z(t) = y(t) + za(t) = 2(t) = y(t) + (1) with

boundary conditions y(t,) = y(t;) = 0. For this new integration variable we

have Dx = Dy and

23
S[:E] = S[y—l_xcl] :/t »C(y‘l’xclay—l'xcl)dt

ty oL oL ) 0L 0*L )
= /ta Lz, @ )‘|‘8— y+% y—l—%aQ—x yQ—I-%? y2]
oL | ty | OL oL t
_ g 9L oL a Lono? — Ymw?u?] di.
ot ai:yta—l_ ta l@:z: (@Q:)H Cly—l_ te [me 2" y}
So
. Loy 49
(xptp|Tats) = /Dy exp {gsd + %/t {Emy — 3wy } dt}
— exp [Z‘zd] G(0,15;0,1,) (2.95)
with
G(0,15;0,1,) =

(N+1)

. m 2 i Mm ., 1 9 9
i (2) 55 [t ]




a8

(b) For the argument of the exponential in the last relation we have

L 2] (40=0)

A ]z;) [25 Yi+1 — QEmw y; =

N N
7 m 7 1 ( ~0)
22 oo Wi T — Yy —yiye) — 5 D0 pemelyidiy; R

7=0 ij=1

N )
m zamw
(20i0ijy; — Yidij+1y; — Yiivr,jy;) — E , Yibijy;.(2.96)
JEEEE =t T e A T

where the last step is written in such a form so that the matrix o will be
symmetric. Thus we have

(N+1)
G:]\}i_l};o (27rih5) ’ /dyl...dyNexp(—nTJn) (2.97)
with
2 —1 0 ... 0 0] (1 0 0 ... 0 0]
—1 2 —1 ... 0 0 1 ... 00
m 0 —1 2 ... 0 0 iemw? |0 01 ... 00
=% SR T I o
0 0 0 ... 2 —1 000 ... 10
0 0 0 ... -1 2] (000 ...0 1]

(c) We can diagonalize o by a unitary matrix U. Since o is symmetric the

following will hold
o =Ulopl = o7 = UTop(UN =UTopU* =0 =U=U". (2.99)
So we can diagonalize o by an orthogonal matrix R. So
oc=R'opR and detR =1 (2.100)

which means that

/dNne—nTa'n — /dNne—nTRTaRn Rn::C /dN(e—CTUC

o] o
N/2 7TN/2

= \/ a \/ \/ aN \/Hz L \/det op

= (2.101)

2.98)
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where a; are the diagonal elements of the matrix op.

(d) From (2.98) we have

9ihe\ N
( ! E) deto =
m
2 -1 0 ... 0 0] 1 0 0 ... 0 01)
-1 2 -1 ... 0 0 1 ... 00
o -1 2 ... 0 0 001 ...0°0
det S L S
o o0 0 ... 2 -1 000 ... 1
. 0 0 0 ... =1 2] |00 0 ... 0 1]
det oy = pn. (2.102)
We define j x j matrices o} that consist of the first j rows and j columns of
olhy. So
[ 2 — &2w? —1 0 0 0 1
-1 2 — et ... 0 0 0
0 —1 0 0 0
det o, = det :
0 0 2 — g?w? —1 0
0 0 —1 2 —g2? -1
L 0 0 0 —1 2 — g2w?

From the above it is obvious that

det J§+1 = (2- 52w2) det 0';- — det U;_l =

piv1 = (2—e%)p; —pjia forj=23,...,N  (2.103)
with pop = 1 and p; = 2 — g%w?.
(e) We have

O(t) = oty + je) = ep;
= ¢(la+ (j+ 1) = epjn = (2 - e"w?)ep; —epja
= 20(ta + je) — ' d(ta + je) — Blta + (5 — 1)e)
= d(t+e) = 2¢(1) — W P(t) — o(t — ¢). (2.104)
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So

St +e) —o(t) = (1) — (t — ) — *W?P(l) =
d(t+e)—d(t)  d(t)—d(t—e)

£ . = —w2¢(t) =
P —Plt—e) ¢¢
ll_r)% . = —w (1) = Tz o(1).

From (c) we have also that

¢(ta) = E€po — 0
and

d¢ _ Plate)—d(ly)  elpr — po)
%(ta) - € - €
= 2—c%Wr—1—>1.

=P1—Po

The general solution to (2.105) is
o(t) = Asin(wt + )
and from the boundary conditions (2.106) and (2.107) we have
d(ty) =0= Asin(wt, +0)=0=0=—wt,+nr neZ

which gives that ¢(t) = Asinw(t —t,), while

d
d—f = Awcos(t —t,) = ¢'(t.) = Aw (ZéQ?)
Av=1= A= 1
w
Thus
sinw(t —1,)

o(t) =

w

(f) Gathering all the previous results together we get

m \(N+1) N 71/2
G = lim ( : )
N—ooo | \2mihe v deto

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)
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Il
TN TN
)
313
=+
N N
=
[\]
| —— |
. f:
=
%)
AN
A
3|
[}
N—
=
u
o]
o~
Q
| O

(2.111) | mw
= - . 2.112
2mih sin(wT) ( )

So from (a)

(wptylzata) = exp [Z}g;l

] G(Oa Ub; 07 ta)

(2.88) mw 1mw ) )
B | T — 22y, | .
rihsin(wl) [thin o7 (23 + 22) coswT — 2z4z H

2.12 Show the composition property
/ dl’ll(f(mg, tg, Z1, tl)[(f(l’l, tl, Zo, to) = [(f(l’g, tg, Zo, to)

where Ky(x1,11;20,%0) is the free propagator (Sakurai 2.5.16), by
explicitly performing the integral (¢.e. do not use completeness).

We have

/délhKf(CEzatz;l’htl)Kf(%atl;l’oato)

_ /d;z:l m exp [zm(:z:g — ;,51)2] y
\ 2mih(t; — 1) Wl — 1)
m im(z; — x9)?
omit(ty —to) ¥ l 2 (t, — to) ]
m 1 imaxs imxd
2m’h¢(t2 T —t0) Pt — 1) TP ot — 1)

m m 9 m m
21’1{1/’2 —

d 2 __m
/ T1EEp lQh(tQ ) T G =) T 2 —h)

Mty — 1)

21’1.170



s 20—t im et — o) + wo(ts — 1)
[:1;1 im (ty — 1) (i — Lo) T %1 [ 2 (ta —t)(ta ;tO) H}
- 2:;7@\/@2 - tl)l(tl — 1) eXp{% [xQ(t(ltz_—tot)lJEtTO tio; tl)]} -
[ E S e
' [

mm 1 z3(ty — to) + xo(ta — t1) ’
P {_ﬁ(b - tl)(tl - 0) (t2 - tO) }
t 1

t
m \/ 1 7T2@h(t2 — U1 ( 0 {Z %
= - ex
2’:’T’lh (tg — tl)(tl — to) m(t2 — to) P 27L (tg — tl)(tl — to)
t

ll’%(tl —to)(tz — to) + xg(ta — t)(t2 —to)
(t2 — o)
2ty —t0)? — 23(ta — 11)% — 229702(t1 — to)(t2 — tl)]}
(t2 — to)

- 2’;’T17L(t2 — tl)

b {@ ll’%(h —to)(ta —to —t1 4+ to) + 2t — t1)(ta — to — t2 + 11) B
(ta —to)(tz — t1)(t1 — to)

(2.113)
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2.13 (a) Verify the relation

1he
[IL;, 11;] = (7) €ijk B

where 11 = m— =p— TA‘ and the relation
27 dl 1 (dZ = 5 d¥
Ty _ Bt (ExB-BxZ)].
A Tl e[ * (d dt)]
(b) Verify the continuity equation
% V-j=0

ot
with ; given by

o h -
P= () st - () A
m me
(a) We have
eA; eA;
(L, 1] = [’i—T,Pj—j] = [P“A] —[Anpj]
B ih_e@A 1he 0A; i 0A;  0A;
¢ Ox; c @;t:] ¢ \ Oz, Ox;
h
c
We have also that
dz; 1 1 T2 1 T2
= Sl H| = — |z, — = — |z, —
dit zh[x ) 1h v 2m +eo 1h o 2m
1 1
= o {[zs, T T 4 10 [, 1]} = p— i, pil W + 105 [z, pj] }
_ 2@7L 2R s = 11;
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d*z; 1 |dx; 1 112
! = — | = H| =— |II;, —
e ihldt’ ] T |10 2 T
1 €
= a5 {10, 1) IL; + 10 10, 5]} + - [11;, 4]
1 1he 1he eA;
(21:14) 5 Zh l eiinBrll; + 52]kH Bk] + h— [pz ]
€
= 5o (e Belly + €iijjBk) + = [pi, ¢l
e € @qb
- YT 7 B o B -
2m2c (6 IRy R T Sk R dt) m 8:1:Z
le’Z' v v
o 2« B Bx=
v g |a) () |-
d*z ] S 5T
T EFE+—|—xB-—Bx—|]|. 2.11
" e[ T3 (dt 8 8 dt)] (2.115)
(b) The time-dependent S h din e e ti ni
0 1 i’
i @ ,tt:rH,tt:x%ﬁ—% Yed 1t
_ Ly _4E) [—@'h* _AE L besld)a
2m c c
L A(T) + ih—-A(Z) +5A2(*) (7 ,1)
= 5 _ o T th—A(z 24 x,
tep(7) (7,1)
. 170 9 2 o €. - - o €., 7 o -
= 5 _—h (7,1) + czh A (P + CzhA(:x) (7 ,1)
2
bomAE) T @0+ SR @0+ e (@)
1 . o 2
= —|-w % 45 T A 42iSA T 1S4 | +eo . (2.116)
2m c ¢ c?
tip in the te tinb e et
a2

ot











































































































































































