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Anti-de Sitter space is the maximally symmetric solution oEinstein's equa-
tions with an attractive cosmological constant included;n reality the cos-
mological constant is certainly not attractive, but it is possible to regard it
merely as a kind of regularisation of the long-distance betiaur of gravity.
The conformal boundary of asymptotically anti-de Sitter spce di ers dra-
matically from that of asymptotically at spacetimes, and this feature is usu-
ally crucial whenever anti-de Sitter space appears in matimtical physics.
Notable examples are Friedrich's treatment of isolated simms in GR, the
BTZ black holes, and also various studies in supersymmetnna string the-
ory. (One can probably prove a theorem to the e ect that strig theory has
an ergodic property that will make it come arbitrarily closeto any point in
idea space, if one waits long enough.)

This course was meant as a leisurely introduction to the geatny of
anti-de Sitter space. The contents became:

Quadric surfaces
Hyperbolic spaces
Anti-de Sitter space
Asymptotia

Green functions

| am sorry that the pictures were not computerized. Some of #m were
exercises, anyway.

!Note added in 2009: Over the years, | have added a few picturesut not enough.
Those | did add are old ones.



QUADRIC SURFACES

Our spaces

Anti-de Sitter space belongs to a wide class of homogeneopaces that can
be de ned as quadric surfaces in at vector spaces. Since eyeuadratic
form can be diagonalized over the reals, only diagonal quachk need be con-
sidered. The signature is relevant however. Everybody knewthat the n
dimensional spheres" can be de ned as the positive de nite quadric

X2+ i+ X2, =R? (1)

embedded in an Euclideam + 1 dimensional space. A sphere has constant
positive curvature proportional to the inverse ofR?. We will almost always
set the constantR and its analogue for other quadrics equal to one from now
on, thus making the letter R available for other purposes. It is neverthe-
less worthwhile to remember that, unlike at spaces, spacesith non-zero
constant curvature have a natural length scale. As Gauss anavistfully
remarked: "l have sometimes in jest expressed the wish thatuElidean ge-
ometry is not true. For then we would have an absolute a priorunit of
measurement.”

There aren(n + 1) =2 Killing vectors in the embedding space that leave
the sphere invariant, namely

J =X @ X @: (2)

These are the Killing vectors of the sphere, and they genegathe rotation
group SO(n + 1). Given two points on the sphere it is always possible to
go from one to the other along integral curves of some Killingector eld,
which is why the sphere is said to be a homogeneous space.

Now suppose we change a sign in the quadric so that it becomelsyaer-
boloid rather than a sphere:

XZ+ m+ X2 U= 1 3)

Because we also changed the sign on the right hand side thisiieyperboloid
of two sheets. Just by looking at it it is clear that we have ol#ined a space



Figure 1: The sphere and the hyperbolic plane.

whose curvature is not constant. Although it is straightfoward to write
down n(n +1)=2 vector elds that leave it invariant, some of them fail to be
Killing vectors with respect to the metric induced by the emledding. To be
precise, this is the case for tha vector elds

Ju = Xi@ + U@; (4)

where the indexi runs from 1 ton. However, let us also change a sign in the
metric on the embedding space so that it becomes a at Minkowsspace:

ds? = dXZ+ :: +dX2 du?: (5)

This metric is left invariant by all of the n(n+1) =2 transformations that leave
the hyperboloid invariant, and it follows that their generdors are Killing
vectors of the induced metric on the hyperboloid as well. Thgroup that they
generate isSO(n; 1), which is the group of Lorentz transformations in the
embedding space. Because of the way the quadric sits insidhe tMinkowski
space the intrinsic metric induced on it has Euclidean sighare, and because
it is now a maximally symmetric space its curvature is necemsly constant
and turns out to have a negative sign. We de ne hyperbolic sgaH" as the
upper sheet of such a hyperboloid.
If we consider a one sheeted hyperboloid

X2+ i+ X2 X2, =1 (6)



Figure 2: Anti-de Sitter space.

again embedded in Minkowski space we obtain a space with a katzian
metric of constant curvature. This is known as de Sitter spaadS,,.

To obtain anti-de Sitter space we change the rules yet againAnti-de
Sitter spaceadS, is de ned as the quadric

X2+ o+ X2, U2 vZi= 1 (7)

embedded in a atn + 1 dimensional space with the metric

ds? = dX2+ 1 +dX2, du? dv?: (8)

We can draw a picture of a two dimensional anti-de Sitter sp&¢ which is a
hyperboloid of one sheet embedded in a three dimensional Mavski space.
It is (at least almost) evident from the picture that the intrinsic metric will
have Lorentzian signature. The curve that goes around the wg of the
hyperboloid is a closed timelike curve. This is not so impaaht, since we
can always "unwrap" the hyperboloid by going to the coveringpace. Note
that in 1 + 1 dimensions we can always switch the meaning of tielike and
spacelike. Then we obtain de Sitter spacgS,, that has a closed space but
no closed timelike curves. In general the topology afiS, isR" * S! and
the topology ofdS, isS" ! R, so that it is only in two dimensions that de



Sitter space and anti-de Sitter space are thus simply relate Note also that,
appearances notwithstanding, there is nothing special abbthe waist, since
adS,, is in fact a homogeneous space havimgn + 1) =2 Killing vectors that
generate the groupSO(n  1;2). The waist looks special in the picture only
because when looking at the picture one tends to interpret éhhyperboloid as
a surface in an Euclidean space, whereas in fact it is a sudan a Minkowski
space.

Geodesics

As you may have noticed, the embedding coordinates are notryenelpful for
visualisation. Nor is the e ort worthwhile since there are #ernative intrinsic
parametrisations that are much better in this regard. On theother hand the
embedding coordinates do tend to simplify almost every cailation that one
may want to do. As an example of this, consider geodesics. L&t think
about anti-de Sitter space for de niteness, and use the ndian

X =(X;Y;Z;U;V) X =(X;Y;Z; U; V) 9)

X2=X X X1 Xo= X, X5 : (10)

Using an overdot to denote a derivative we then take the Lagngian

1
|_:§>G+(x2+1): (11)
The Lagrange multiplier term ensures that the geodesic is ©med to the
hyperboloid. We observe that there is a conserved tensor
k =X X X X : (12)
It obeys

k k = 2X2 kg k 1=0: (13)

It is easy to show conversely that given an anti-symmetric tesor obeying
the latter condition there will be a geodesic which will be thelike, spacelike
or lightlike depending on the value ok k . Further,



k X =X k X = X2X ) X =X2X (14

SinceX? is a conserved quantity it is easy to solve this equation. Inaptic-
ular, for a lightlike geodesic it is as simple as it could be:

X =0: (15)

Hence lightlike geodesics appear as straight lines in the leedding space. The
existence of two such straight lines through any given poirm the hyperboloid
of one sheet (such aadS,) is a surprising fact discovered by Sir Christopher
Wren. The general solution for a spacelike geodesic is
P— P—
X =me * +ne * ; (16)

wherem andn are constant vectors that obey

m?=n?=0 2m n= 1; (17)

and we have used the fact thaiX 2 is constant along a geodesic. With minor
changes this formula gives the general solution for a timkdé geodesic as well.

We can use our formula to compute the geodesic distanddetween any
two points, that is to say the length of a geodesic connectirthe points. For
a spacelike geodesic (say) we nd that

p_
X(1) X(2)=m ne X1 24+e X2 ). (18)

p__
But X2(, ,)istheintegral ofdsalong a connecting geodesic, hence this
product is equal tod. Therefore we nd for the geodesic distance between
two points with spacelike separation that (in an obvious naition)

coshd= X; X5: (19)
In a similar way we nd for the geodesic distance that can be omected by
a timelike geodesic that

cosd = X1 Xo: (20)

Note that it can happen that X; X, > 1. If so, it is not possible to connect
the pair of points with a geodesic.



The geodesic trajectories imdS, can be visualized with very little e ort.
Let us switch the meaning of space and time and consider twontnsional
de Sitter space instead, because bott, and H? can be embedded in three
dimensional Minkowski space, so that we can treat both casgmultaneously.
We set

X =(X;Y;U) (21)

and observe that we now have a conserved vector

k = X X (22)

which obeys

k X=0: (23)

The trajectory of a geodesic irdS; is therefore given by the intersection of
the hyperboloid with a plane through the origin, and it will be a lightlike,
timelike or spacelike geodesics depending on how the plasesituated. In
particular it is now evident that all spacelike geodesics|dl timelike geodesics
in adS,|that start out from a given point will come together again in a point
that lies halfway around the hyperboloid, and it is also evient that there will
be points "on the other side" of the hyperboloid that cannot le connected
with a given point by means of a geodesic. For the hyperbolidgme there is
of course only one kind of geodesics, since we must demand tifie vector
k be spacelike to ensure that the plane meets the hyperboloid.

The two dimensional picture generalizes nicely. Let us rstle ne totally
geodesic surfaces (or submanifolds, if their dimension &der than two): A
totally geodesic surface is a surface such that any geoddsiat is tangent to
the surface at a point stays in the surface, or|which is the sane thing|a
surface such that any curve in the surface which is a geodesiith respect to
the induced metric on the surface is also a geodesic in the span which the
surface is embedded. One can show that a surface (or submaildif is totally
geodesic if and only if its extrinsic curvature tensor|its second fundamental
form|vanishes. In a at spacetime it is obvious that any hyperplane is
totally geodesic.

In a spacetime which is de ned as a quadric in a at embeddingpsice any
intersection of that quadric with a hyperplane through the ogin in the at



embedding space is totally geodesic, so we get a rich suppfysoch surfaces
without e ort. The point to remember is that in anti-de Sitte r space any
surface of the form

a X=0 (24)

is totally geodesic. Totally geodesic surfaces have the ®genient property
that the intersection of two such surfaces is itself totalljgeodesic. A one
dimensional intersection of totally geodesic surfaces isgaodesic.

Projective quadrics

Now we have de ned anti-de Sitter space and its cousins as glsa surfaces in
at vector spaces, and we have used this description to solver the Killing
vectors and the geodesics. But we have so far said nothing abdheir
properties near in nity, where the embedding coordinatesreak down. This
brings us to the conformal properties of these spaces, andetlappropriate
arena in which to understand these turns out to be a projectesspace. Let us
stick to the two dimensional case for simplicity. There arehten three spaces
of constant curvature to be understood, namel?, E? and H?. The sphere
can in fact be regarded as a null quadric in projective thregpace, while the
Euclidean and hyperbolic planes are subsets of the same quedTo see this,
recall that RP ® can be de ned by means of homogeneous coordinatesRf;
thus a point in RP ° is de ned by

X;Y;Z;U)  (X)Y;Z;U) 5 60 : (25)

Here it is understood that quadruples of coordinates that dér by a common
factor represent the same point irRP 3. Geometrically the projective points
are represented as straight lines through the origin iR*. Now consider the
null cone

X%+ Y?2+722 U?=0: (26)

Since this equation is homogeneous in the coordinates it isweell de ned
surface inRP 3. Our claim is that this surface is related to the spaces that
we wish to study.



In e ect we are studying the space of generators of the lightooe in
Minkowski space. To understand its topology we take its intsection with
the spacelike plane de ned by

U=1: (27)

It is clear that every generator of the light cone cuts this @ne exactly one,
and it is also clear that the intersection has the topology o& two-sphere,
since it is given by the equation

X2+ VY2+272=1": (28)

The claim so far is that the space of generators of the light ne in Minkowski
space has the topology of a sphere.
Alternatively we can intersect the light cone with a timelile plane, say

Z=1: (29)

The intersection is now given by a two sheeted hyperboloid ethree dimen-
sional space, namely

X2+Y2 U?= 1: (30)

Topologically this is two copies of the hyperbolic plane. Bunow we are
missing all the generators that lie in the plan&Z = 0, corresponding to an
equator on the sphere. Finally we can intersect the light cenwith a lightlike
plane, such as

Uu=2zZ+1: (31)

All the generators except the one given by = Z intersect this plane. The
intersection of the plane with the quadric can be coordinated by X and Y,
which are unrestricted because

X2+Y%2 (Zz+U)U 2)=0 ) X2+Y%2=2Z2+U: (32)
Topologically this is a two dimensional plane. This time wera missing only

one generator, so that in some sense the plane is a sphere witie point|the
point "at in nity"|missing. The missing point is known as th e conformal
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boundary of E?; similarly the conformal boundary ofH? is the missing cir-
cle of generators in the plan& = 0. The conformal compacti cation of a
given space includes its conformal boundary, which meansaththe confor-
mal compacti cation of the Euclidean plane is a sphere whilthe conformal
compacti cation of the hyperbolic plane is a closed disk. Agae will see later
on the discrepancy between the two cases is the key to understding the
di erence between Euclidean and hyperbolic geometry.

Conformal properties

We have explained howS?, H? and E? are related as sets, but we have said
nothing about metric properties. Now the null quadric is inariant under the
group SO(3;1) and therefore it singles out a natural metric inR*, namely
the SO(3; 1) invariant Minkowski metric

ds? = dX2+ dY?+ dz? duU?: (33)

The embeddings then induce metrics on the various intersémhs that we
considered. The result is precisely the standard metrics &%, H? and E2.
There is however some arbitrariness involved in this de nibn, since the
selection of the various planes was arbitrary to some exteritet us consider in
more detail what kind of metrics that we can de ne on the spacef generators
in this manner. We introduce spherical polar coordinates

X = Rsin cos Y = Rsin sin Z = Rcos : (34)

The Minkowski metric becomes

ds? = dR?+ R?(d ?+sin® d 2) duU?: (35)

The equation that de nes the lightcone takes the form

R> U?=0: (36)

Therefore the metric that is induced on the light cone by themabedding is

ds? = R%(d 2+sin2 d 2 : (37)
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This metric is degenerate on the three dimensional lightcenwhich is at it
should be since distances measured along the generatorsisianHowever, if
the factor R? were xed in some way we could choose to regard this metric
as a metric on the two dimensional space of the generators, @@ametrized
by the angular coordinates. As such it is a non-degenerate trie and in
fact it is a metric on a sphere. If we select one representagiypoint on each
generator through the conditionU = 1 the factor R? becomes equal to unity
and we obtain the standard "round" metric.

The point now is that there is nothing sacred about the condibn U = 1.
All that is needed to select one representative point on eadenerator is
to intersect the light cone with some spacelike plane lyingbave (say) the
origin. Therefore we can consider an entire family of condbins, each of
which breaks the SO(1,3) invariance, given by

u=(.:) ) R=(;): (38)

If gap IS the metric on the space of generators that is obtained thugh the
choiceU =1, we get a new metricgy, that obeys

Ob= G (39)

The factor in front is called a conformal factor, the metricsare said to be
conformally related to each other, and changing the confoih factor of a
metric is known as a conformal rescaling. An equivalence staof conformally
related metrics is known as a conformal structure, and we catherefore
conclude that it is only the conformal structure on the spacef generators
that is de ned naturally by the metric on R%. Indeed the metrics onS?,
H? and E? are related by conformal rescalings. (This is a triviality isce it
happens to be true for all two dimensional spaces; but we carake the same
statement for S3, H® and E3, and then it is non-trivial.)

Let us nevertheless settle for the standard round metric 082, that is
to say let us intersect the lightcone with the planeU = 1. The natural
invariance group that acts in the problem is the group of Lom#z transfor-
mations in R*. A Lorentz transformation maps generators of the lightcone
to other generators, and hence points d? to other points. If the Lorentz
transformation is a boost it will also change the spacelikelane U = 1 to
some other spacelike plane, and therefore the corresporglimansformation
of S must be accompanied by a conformal rescaling of the metricaléng

11



its conformal structure unchanged. The group of transfornteons of a two
dimensional space that preserve a given conformal structurs known as the
conformal groupC(2), so that in e ect we have proved that

C(2) = SOu(3:1) (40)

The subscript denotes the connected component of the groughe termi-
nology is a possible source of confusion here: A conformadrisformation
is a map from points to other points that is either an isometryor an isom-
etry accompanied by a conformal rescaling|it is a very di erent concept
from that of a conformal rescaling alone. A conformal tranefmation is a
di eomorphism, while a conformal rescaling is not.

An in nitesimal conformal transformation takes place alomy a vector eld

that obeys the equation

Lg =9 ; (41)

whereL denotes the Lie derivative and is some scalar function. The vector
eld is called a conformal Killing vector. The two-sphere arhits six lin-
ear independent conformal Killing vectors that generate # Lorentz group
SO(3;1). It is easy to show that|locally|two conformally related spaces
admit the same number of conformal Killing vectors, althoug a vector eld
that generates an isometry in the one case may be accompankgda con-
formal rescaling in the other. Nevertheless the conformata@up does not act
on E? or H? because of global problems. In the case of the Euclidean ptan
this is easily remedied: From the point of view of the projecte quadric it is
evident that the problem is that there are Lorentz transfornations that map

a given generator to the "missing generator" that is paralleto the light-
like plane used to selecE2. Conversely some Lorentz transformations map
the missing generator intoE2. Hence the conformal group does act on the
conformal completion ofE?, that is to say on E? with the missing generator
added as a point at in nity. In the case ofH? more elaborate measures would
be required to achieve the same end.

There is nothing in the discussion so far that is special to tvdimen-
sions. Hence we can say immediately that the connected compat of the
conformal group C(p; g of a space of constant curvature with a metric of
signature (p; g) is isomorphic toSOy(p+ 1;qg+1). As a matter of fact there
are some quite special features connected with conformahtisformations in

12



two dimensions; we will return to those. We will also|brie y |return to
discuss the topology of the conformal completion of Minkowkisspace, which
is a bit more elaborate than that of a sphere.

Exercises

A sphere is moving past you at relativistic speed. Show thgiacelength
contraction it looks like a sphere.

13



HYPERBOLIC GEOMETRY

Advertisement

Hyperbolic geometry is of interest to us because anti-de &it space permits
a natural foliation by means of hyperbolic spaces, becausgierbolic space is
the natural analytic continuation of anti-de Sitter space,and because of the
light it sheds on the importance of the conformal boundary af space. Unlike
anti-de Sitter space hyperbolic space is also of considelallirect physical

interest: At the moment there is fairly strong evidence thathe geometry of
the universe (in the Friedmann approximation) is hyperbot. This explains

why we will go into considerable detail in this chapter.

Coordinates

We have de ned hyperbolic space as the upper sheet of a two stexl hyper-
boloid embedded in a Minkowski space. For visualisation a isable choice
of intrinsic coordinates is much better. It should be kept mly in mind that
coordinates do not matter, only the geometry itself does. Thbasic idea
behind coordinate systems is to set up a one-to-one corresgence between
the points of the space one is interested in and the points abree subset of
R". Quite literally, we are making a map of the space. Now one hasstrong
intuition for the properties of three dimensional Euclidea spaceE?3, and
one tends to interpret the subset oR" that occurs in the coordinate map
through one's intuition about Euclidean space. Thereforaf some particular
aspect of the space one is interested in can be mimicked by f@perties of
some subset of three dimensional Euclidean space, the cooatkes will also
be helpful for intuitive understanding. However, if the spee we are inter-
ested in is in fact not Euclidean space, there is always a dargthat one
will be led astray by coordinate based intuition. The best adote to any
tendency to think that coordinates are important is to chang them often.

Stereographic projection

14



Figure 3: Stereographic projections of the sphere and the hyperboliplane.

With this caveatwe come to the coordinate system that | think is the best
one for visualizing hyperbolic space, namely the stereogtdac coordinates.
We can treat S® and H 3 simultaneously; they are de ned as the quadrics

X2+VY2+272 U?= 1 (42)

where we let the upper sign stand foS® and the lower for H® through-
out. The idea is now to perform a projection from the point X;Y;Z;U) =
(0;0;0; 1) to the hyperplane atU = 0. In the case of the sphere this means
that one point will be missing from the map, but this is unavaiable. In this
way we obtain

X Y v
X = = 7= 43
U+l YT U+1 U+1 (43)
Also
X2+ Y2+ 72 1 U2 1 U
2 X2+ y2+ 22: — — . (44)

(1+U)2  (1+U)2 1+U "’

where the upper sign applies t&*, the lower to H3. Equivalently the stere-
ographic coordinates obey

X = (45)
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Y=o (46)
Z= - 2 47)
u=1t . (48)
The intrinsic metric becomes
ds? = (1742)2(dx2 +dy?+ d2) (49)

Let us concentrate on hyperbolic space, since the reader igoposed to
know about the sphere already. Then the range of the coordites is re-
stricted by the condition < 1, as is apparent from the fact that the confor-
mal factor of the metric diverges at = 1. So we have a picture ofH ® as the
interior of the unit ball in Euclidean space. This represertion is known as
the Poincae ball, while its even more famous counterparti two dimensions
is known as the Poincae disk. An important advantage of ths coordinate
system is that the metric is manifestly conformally at, that is to say that it
di ers from the at metric only through a conformal rescaling. An interest-
ing consequence of this is that if we draw a picture using th@ordinates as
Cartesian coordinates on at Euclidean space then all angdewill be correctly
given in the picture, since angles are not changed by confaahrescalings.
Distances on the other hand are distorted by the projectiorthe distortion is
smallest around the origin, so we can think of the stereogrhg coordinates
as a kind of "magnifying glass" that gives an accurate pict@r of the region
around the origin.

Other coordinate systems

Another very useful coordinate system representd ® as a half space in co-
ordinate space. Set

-y -z
v=2 z= (50)

16



1
X+U= = 1
U= 2 (51)

2 4 y24 72
X U= #; (52)

wherex > 0. This is the half space representation dfi® with the intrinsic
metric taking the form

ds? = X—lz(dx2 + dy? + dz?) : (53)

Like the stereographic coordinates this coordinate systehas the advantage
that the metric is manifestly conformally at. It is often superior in calcula-
tions.

Many other coordinate systems are useful in order to discusarious as-
pects of hyperbolic geometry. Like Felix Klein we may prefeto view H?
as a subset oRP 3, or as the space of lines through the origin ilR*. This
suggests that we should adopt the origin as the point from wth to project
the hyperboloid onto some plane. If the plane of projectiorsitaken to be
U =1 this results in

Ocos sin Osin  sin

X = —pﬁ Y = —Pﬁ (54)
Ocos 1
Z= pﬁ U= pﬁ ; (55)

where the intrinsic coordinates are spherical polars. Hydmolic space now
appears as the Klein ball, with the metric

d @ @
+

@ % 1
This is no longer manifestly conformally at, so angles areistorted in the
Klein ball. On the other hand|since totally geodesic surfacs are the inter-
sections of the hyperboloid with planes through the origimithe embedding
spacelit is clear from the construction that totally geodesic surfaces now
appear as at planes in the ball, and geodesics as straighhés. This is an
advantage if we want to impose boundary conditions for di e¥ntial equa-

tions on totally geodesic surfaces and then solve them nunwily, since it
will be easy to make coordinate grids.

ds® =

5(d 2+sin®d ?) : (56)
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The Klein ball can be obtained from the Poincae ball throudp a rescaling
of the radial coordinate. Other rescalings of are useful too, such as de ning
r through

dr = : (57)

Then the metric becomes (in spherical polars)

ds? = dr2+sinh?r(d ?+sin> d 2?) : (58)

Thus r now measures geodesic distance from the origin; this cooralie sys-
tem is known as geodesic polars.

The advantage of the spherical polars as such is that they sptify the
action of the Killing vector eld Jxy . In a similar way it is often useful to
tailor-make a coordinate system so that one coordinate dicgon lies along
some interesting vector eld. As an example, consider the King vector eld
Jxu . Set

P . P
X = 1+Y2+ Z2sinhu U= 1+Y2+ Z2coshu (59)

and use (1;Y; Z) as intrinsic coordinates. Then

_ @X @u_ _ _ :
= au +@u@—u@+x@1—~]xu- (60)

The coordinateu now lies along the Killing eld.

Conformal compacti cation

Equipped with these ways of drawing pictures we can now begimdiscuss the
hyperbolic geometry itself. Let us begin by studying the cdormal bound-
ary. We discussed the conformal compacti cation of quadrisurfaces in the
previous chapter, but now we will approach it in a di erent maner that is
applicable to much more general spaces. The basic idea isritbaduce a new
"unphysical" metric f),, related to the true metric by a conformal rescaling:

d8% = Ppdx?dxP = 2gudxPdx® = 2ds?: (61)
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The conformal factor is to be chosen such that in nity lies at a nite
distance from any point in the interior of our space when meaered with the
unphysical metric. We can then add a boundary at in nity to ou space
and use the unphysicical metric to study asymptotic behavior by means
of ordinary di erential geometry; the conformal compacti cation of a given
space is a manifold-with-boundary whose interior is the ginal manifold.
The physical metric is de ned only on the interior while the mphysical metric
is de ned everywhere, which means that the conformal factahat relates
them must vanish at the boundary while it must be non-vanisimg throughout
the interior.

The conformal compacti cation of H? is easily obtained if we work with
stereographic coordinates. We choose

1 2

= 5 ) de? = dx?+ dy? + dz? : (62)

The unphysical metric becomes the ordinary at metric, and he conformal
boundary of H?3 is the sphere at = 1. The conformally compacti ed space
is a closed ball inE3. If we use the half space representation instead the
conformal boundary appears as an in nite plane; in this piaire one point of
the conformal boundary is missing.

Note that there is some arbitrariness involved here since weuld multiply
the conformal factor with any function that is well behaved athe boundary.
This means that we are free to change the metric induced on thmundary
by a conformal rescaling|the conformal structure on the bowndary is a well
de ned concept, but its geometry is not. Apart from this ambguity the
nature of the conformal boundary is an intrinsic property othe geometry.
As an illustration, let us show that the conformal boundary 6ordinary at
space is necessarily a point. Using spherical polars, we dmeking for a
function of r such that the distance from the origin (say) to in nity is
nite:

z Z zZ,
ds= ds= (rndr< 1 : (63)
0

This means that the function must fall to zero faster than oneverr asr
goes to in nity. But it then follows that the circumference o a circle around
the origin as measured by the unphysical metric obeys
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rI!ilm 2 (nr=0: (64)

Therefore the conformal boundary is a point. In e ect we haveshown that
the conformal compacti cation of at space is a sphere, whd the conformal
compacti cation of hyperbolic space is a ball. The conformidoundary is a
point in the former case and a sphere in the latter. The moralfahis is that
in some sense there is a lot of space at in nity in a hyperboligpace.

Mebius transformations

If we restrict ourselves to two dimensions we can use a compleoordinate
z = x+ 1y and rely on known facts from complex analysis; in the end conex
analysis and hyperbolic geometry will turn out to illuminae each other.
Notably we will use Mebius transformations, whose propeigs | presume to
be more or less known. A Mebius transformation is a transfamation of the
form

+
71 2= 27 . 60 : (65)
zZ +

It can be shown that this is the most general analytic one-tone transforma-
tion of the compacti ed complex plane to itself, and it has te property that

it maps circles to circles (or straight lines) and preserveangles. In other
words it preserves the conformal structure on the Riemann Bpre. One can
show that it is possible to nd a Mebius transformation that throws three

arbitrary points on another triplet of arbitrary points, and that this require-

ment completely determines the transformation. The map ofosne fourth

point follows from the fact that the harmonic cross ratio

fz1;bp; 25, big Z EZ Elz

is invariant under Mebius transformations.

The coordinate transformation that relates the Poincae dsk to the half
space representation has to be a Mebius transformation sie both of these
coordinate systems show angles correctly. In stereograptuoordinates the
metric is

(66)
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We can perform a Mebius transformation that takes

ds® = dz : (67)

0! i 11 0 1! i (68)
It is given by
o_ lz+1i
z+1
At this point it is useful to observe that

(69)

dz° _ 1 .
dz ~ (z + )2~
The normalization can always be arranged. It is now straightrward to

express the metric in the new coordinates. If we revert to reaoordinates
z°= x + iy at the end we nd

ds® = %(dxz + dy?) : (71)

This is Poincae's upper half plane picture. The Mebius tansformation has
transformed the conformal boundary oH? from the unit circle to the real
line.
The group of Mebius transformations is doubly covered by ta group
SL(2; C), which consists of all two by two matrices of the form
1

G= ; =1: (72)

These matrices act on the space of two component complex \vaduspinors,
that can be regarded as homogeneous coordinates @P* = S2. We will
need some quite detailed information about how Mebius trasformations act,
but it will be enough to understand three special families auch transfor-
mations having the property that the trace of their correspoding SL(2;C)
matrix is real. They are:

Elliptic: jTrGj < 2  Hyperbolic:jTrGj > 2 Parabolic:jTrGj =2 : (73)
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An elliptic Mebius transformation has two elliptic xed po ints, a hyperbolic
transformation has two hyperbolic xed points and a parabat one has a
single xed point that can be regarded as arising from the mger of two
hyperbolic (say) xed points. In all cases the owlines are &s of circles,
and so are the level surfaces.

Non-Euclidean geometry

Let us now home in on the geometry of the hyperbolic plane. Wenkw what
the geodesics are in embedding coordinates, and it is thenef easy to show
that on the Poincae disk they are arcs of circles that are ahogonal to the
boundary of the disk. The geodesic distance between two driary points
can be computed in the following manner: First choose one pbiat the
origin and the other at radiusr, and calculate
z 1+
d= ds=In —: (74)
0 1

Suppose that the geodesic cuts the boundary & = 1 andb, =1. Then
we can express this result as

0 bz b b -

d—InO b 2 bz—lnfo,bz,z,blg. (75)
The right hand is the logarithm of the harmonic cross ratio othe four points,
which is known to be an invariant under Mebius transformatons. Now it is
clear that the isometries ofH 2 must be Mebius transformations (since these
are the most general angle preserving transformations tharovide one-to-
one maps of the disk onto itself) and we know thaH? is a homogeneous
space. Hence we can employ the isometry group to move the gesid to
arbitrary position without changing the value of the cross atio, and express
the geodesic distance as

z7 bz, by
z1 bz, b
The Poincae disk o ers a concrete model of non-Euclideanegpmetry,
the "new world" discovered at the beginning of the nineteeht century. The
straight lines in this geometry are to be represented by theegdesics on the

d=1n (76)
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disk. A pair of points clearly de ne a unique geodesic, and ¥fe run through
the list of Euclid's axioms we see that they all are obeyed|wth the exception
of the fth, since it is clear that through a point outside a given line we can
now draw an in nite set of straight lines that are parallellsin the sense that
they do not intersect the given line. Finally, note that the godesics tend to
diverge from each other|taking the point of view of dynamical systems we
might say that their Lyapunov exponent is positive, and inded this turns
out to be a fruitful point of view that pays a dividend on compat hyperbolic
spaces.

To get a feeling for non-Euclidean geometry we consider sorsgnple
geometric gures. First we consider a circle with center athte origin. We
use geodesic polar coordinates so that the metric is

ds® = dr? +sinh?rd ?: (77)
If the radius of the circle isR then the circumferenceC and the areaA of
the circle are
Z,

C= sinhRd =2 sinhR (78)
0

z zZx2Z,

A= dA= drd sinhr =2 (coshR 1): (79)
A 0 0

Both of them grow exponentially with the radius. This re ects the fact that
there is a lot of space in a negatively curved space.

The area of a polygon (bounded by segments of geodesics) soahstruc-
tive to compute. We choose to work in the upper half plane. Usg Green's
theorem

z ! Z

@v @u

— — dxdy= udx + vd 80
A @X @y Y= oa y (80)

we nd that the area is
Z z
A = dxgy = % (81)
ALY @AY
where the integration is along the boundary of the polygon. Uppose that
the polygon hasn sides. To compute the contribution to the integral from
a particular side we choose polar coordinates adapted to that particular
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segment; the range of is then from to . Each segment will therefore give
a contribution to the line integral which is

Z Z Z
dx_Tdrcos) - "y o (82)
y r sin i
Hence
X0
A= _ (i i) (83)

This formula is interesting because it can be used to relatbe area to the sum
of angles ; at the vertices. Looking at the normal to the edges as it moves
around the polygon, we see that its total rotation (2) can be decomposed
as

2 = '( )+ (i i)=n i A (84)
The conclusion is that

A= (n 2) X P (85)
|

As the polygon grows its angles have to become more acute. Tées also an
upper limit on how large the polygon can become. This is all ke di erent
from the scale invariant Euclidean geometry|the area does bt enter the
formula in the Euclidean case because the only change in thieedtion of the
normal in a at space takes place at the vertices, so that thergle sum in
the Euclidean case is simply given byn( 2) . The angle sum for a triangle
in the hyperbolic plane on the other hand is always less than this is indeed
not Euclidean geometry.

Isometries

Our next topic is isometries, or Killing vectors if we take tke in nitesimal
point of view. Since an isometry is a one-to-one map of the sqto itself
that preserves angles it must be a Mebius transformation, Ui it must be a
restricted kind of Mebius transformation that maps the corormal boundary
to itself; on the Poincae disk the isometry group is the grap of Mebius
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transformations that map the unit circle to itself and its interior to itself.
They are of the form

7 +
z! Z2°=

z + (86)

Strictly speaking one should add re ectionsZ! z) to this, but as a rule we
will always ignore such discrete transformations. In the yper half plane the
same group appears as the group of Mebius transformationkat map the

real line to itself and preserves the upper half plane. Thesee precisely the
Mebius transformations with real coe cients. The double @mvering group in
the rst case is SU(1; 1), by de nition the group of two by two matrices of
the form

|

G2sSuUl;1l) ) G= ,JiP0 iP=1s (87

In the second case it is the grousL(2; R) of real two-by-two matrices of
unit determinant,
|
. _ ab | _a.

G2 SL(Z;R) ) G= cd ad bc=1: (88)
These two groups are isomorphic; indeed since we already wnérom the
hyperboloid picture that the isometry group ofH? is SOy(2; 1) we have just
sketched a proof that

SOp(2;1) = SU(1;1)=Z, = SL(2;R)=Z, : (89)

We wish to understand the action of these isometries in sometdil.

It will be enough to understand one representative from eaatonjugacy
class of the group. In general two elementg, and gy of a group are said
to belong to the same conjugacy class if there exists a groupraent g such
that

%=9%g *: (90)
Thus in the case ofSO(3) Euler's theorem informs us that there is a one

parameter family of rotations all of which have a given line foxed points
serving as the axis of rotation, and any rotation can be broun to this form
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by conjugation. Our group is a little more complicated: Thee are three
families of conjugacy classes of isometries|since the tracof anSU(1; 1) or
an SL(2;R) matrix is automatically real they are elliptic, hyperbolic and
parabolic Mebius transformations, respectively. After abrief investigation
one nds that an elliptic isometry has a single elliptic xedinside the disk|
clearly they are analogous to rotations irE?. A hyperbolic isometry has two
hyperbolic xed points on the boundary of the disk|they are analogous to
translations in E2, but unlike the latter they do not commute. They are
sometimes called transvections. An important point to notie is that there is
one and only one ow line of a transvection that is also a geosie. Conversely,
any geodesic determines a one parameter family of transviects. A parabolic
isometry has one parabolic xed point on the boundary of the idk, and its
ow lines lie on spheres that just touch the boundary in a poit Such circles
are called horocycles. Since the xed point of an arbitraryatation can be
brought to the origin by means of a global isometry there is an@ parameter
family of conjugacy classes of elliptic isometries. Similg there is a one
parameter family of inequivalent hyperbolic isometries. A rst sight one
might be inclined to think that there should be a one-parametr family of
inequivalent parabolic Mebius transformations as well, bt this is not so since
two parabolic Mebius transformationsg, and g sharing the same xed point
can be transformed into each other by choosing a suitable travectiong so
that g9 = gog .

It is perhaps worth observing that the fact that the xed points of the hy-
perbolic isometries lie on the boundary of the disk could havbeen predicted
without any calculations: It is known that in the neighbourhood of a xed
point of an isometry of a space with a positive de nite metridhe isometry
always looks like a rotation, so that only elliptic xed poirts can occur in
the interior. Continuing this argument we nd|since the unp hysical metric
extends to the boundary|that a hyperbolic Mebius transfor mation must be
accompanied by a conformal rescaling of the unphysical mietr

Hyperbolic three-space
The preceding discussion of the geometry of the Poincae aii generalises

to the Poincae ball with little ado. Geodesics are arcs oficcles that are
orthogonal to the boundary. There will also be totally geodsac surfaces; in-
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Figure 4: A totally geodesic surface and a horosphere.

tersections of the hyperboloid with timelike planes throug the origin if you
will. These are segments of spheres orthogonal to the boumglaTheir intrin-
sic geometry is that of hyperbolic planes with the same radsuof curvature
as the three-space itself. The horospheres|spheres that tach the boundary
in a single pointlare at. This statement is particularly ea sy to check if we
use the half space representation, where the horosphereadaing the point
at in nity are represented by planes at constant coordinatelistance from the
boundary. A sphere lying entirely inside the Poincae balis what it looks
like|la sphere of constant positive curvature. The properties of polyhedra
are similar to those of polygons in the disk|if a polyhedron gows its angles
must shrink.

We know from the hyperboloid picture that the isometry groupis the
Lorentz groupSO(3;1). On the other hand the conformal boundary is a two-
sphere with a xed conformal structure, and a signi cant pat of the geometry
can be controlled (as it were) from there. In particular the Sometry group
necessarily maps the boundary to itself and it must preserwhe structure
that is present there. This means that the isometry group isealised as the
group of conformal transformations of the compacti ed comiex plane, and
this is precisely the group of unrestricted Mebius transfonations. In outline
this is the proof of the isomorphism

SO(3;1) = SL(2;C)=Z, : (91)

In this correspondence the rotations (such as the group elents generated
by the Killing vectors Jxy , Jyz and Jzx ) appear as elliptic Mebius trans-
formations with two elliptic xed points that in fact occur w here an axis of
rotations cuts the boundary. Group elements generated by bets (like Jxy ,
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Jyu andJzy) correspond to hyperbolic Mebius transformations with tvo hy-
perbolic xed points on the boundarylin the interior they ar e transvections
without xed points, and their ow lines lie on segments of cicles going
through the xed points. The level surfaces are segments oplseres, and
there is precisely one ow line that is also a geodesic. The nadbolic Mebius
transformations with one xed point on the boundary correspnd to null ro-
tations such asJxy + Jyy; the ow in the interior takes place on horocycles
and the level surfaces are again spheres. The half space espntation is par-
ticularly well suited to study null rotations; choosing this representation so
that the xed point lies at in nity and its horospheres are planes at constant
x we nd that the metric is

1
ds® = ﬁ(dx2 + dy? + dz?) (92)

and the Killing vector elds giving rise to null rotations are

Jxy +Juy = @ Ixz + Juz = @: (93)

So the null rotations take place in horospheres and in the Hadpace repre-
sentation they look just like translations of at planes.

Horospheres and horocycles

Why are horospheres, or horocycles in the two dimensionalsea important?
The answer has to do with analysis. In at space a plane is impt@nt| inter
alia|because it can be a surface of constant phase for a plane wavand
plane waves are the basic objects of harmonic analysis. Then® is true of
horospheres in hyperbolic space.

Let us consider Helmholtz' equation

4 = (94)

on the Poincae disk, and start looking for plane wave solubns. What is a
plane wave supposed to be? In at space it can be characterizas a wave
that propagates in the direction of a geodesic and has constgphase along
planes that are normal to this geodesic. This suggests thaewghould look for
solutions that are constant on horocycles, since horocyslean be regarded
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Figure 5: Plane waves: in the upper half plane and in the Poincae disk

as planes that are orthogonal to a family of geodesic emergifrom a source
(or a sink) at in nity. The calculation is best made in the upper half plane,
where the equation to be solved is

y(@+ @) = (95)
and the Ansatz is that shall be independent ofk. A set of solutions are
evidently

=y® ) = s(s 1): (96)

The eigenvalues should be real, but if we chooseo be real we do not get
travelling waves|in fact we get solutions that grow exponertially as they
approach the boundary. The other possibility is

1 1,
= — + = — + : 7
s= S+ ) 2 (97)

The spectrum is bounded from below. Since zero is not an eigalue there is
also a "mass gap" in the spectrum. This is in fact what one migkexpect from
hyperbolic geometry. At large length scales there is "morepace” present
than one would encounter in at space. Therefore the infrade properties of
a Green function may be expected to resemble the infrared prerties of a
Green function in some higher dimension|that is to say, it should be less
singular in the infrared than a at space Green function woud be.
Anyway we can now rewrite our putative plane wave as
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= glariny (98)
But In y is just the geodesic distance

z z
yd
d= ds= & (99)
1y
from a point on a horocycle throughz = i to the horocycle aty. It follows
that a plane wave can be written invariantly as

= i (100)

In at space plane waves are important because of harmonic alysis|any
reasonable function can be expressed as a linear combinatad plane waves.
Mutatis mutandisthis is true in hyperbolic space as well, but for the moment
we will drop the subject here.

Exercises

Perform the projection of the hyperboloid that gives the Klen ball,
and verify that the metric takes the form stated.

Show that a Mebius transformation may be uniquely "lifted" from the
boundary to the interior of H3, and give explicit formul using (say)
the half space picture.

30



ANTI-DE SITTER SPACE

The cosmological constant

We are now ready to discuss anti-de Sitter space in more ddtaiA rst
remark is that since it has constant negative curvature it dges Einstein's
equations

R =g (101)

with a negative cosmological constant. In the four dimensnal case, when
the quadric is

X2+ Y%2+27%2 U? V2= 1; (102)

the cosmological constant has to take the value = 3 to ensure that Ein-
stein's equations hold on the quadric. This is to say that we W use

to de ne a unit of length, and therefore will not appear explicitly in our

equations. That the cosmological constant provides spagee with a natu-

ral length scale made a deep impression on Eddington. EchgikGauss, he
claimed that "to set the cosmical constant to zero would kndcthe bottom

out of space". Physically speaking a negative cosmologicanstant corre-
sponds in the Newtonian limit to an extra attractive term in the gravitational

force. This is a useful fact to keep in mind.

Sausage coordinates

First we introduce what we call the sausage coordinates, irms of which
anti-de Sitter space will appear as a salami whose slices ayperbolic spaces.
Note how easy it is to slice a space of constant curvature witbwer dimen-
sional spaces of constant curvature, when the embedding cdioates are
used in an intelligent fashion: Set

U = Rcott V = Rsint : (103)
The quadric is then given by
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X2+Y2+72 R?’= 1: (104)

The anti-de Sitter metric becomes

ds? = dX?+ dY?+ dz? dR?> RZdt?: (105)

For constantt, these are just the equations that de ne hyperbolic threepace
as a quadric embedded in four dimensional Minkowski spacéjohe way or
the other|we introduce intrinsic coordinates on hyperbolic three-space, and
denote its intrinsic metric by d 2, the anti-de Sitter metric is

ds?= R2dt?+d ?; (106)

where R is some de nite function of the intrinsic coordinates on hyprbolic
three-space. Sinc® does not depend ort this is a static metric. The time
coordinatet is periodic, which implies the presence of closed timelikarges.

We cannot draw a picture until we have introduced intrinsic oordinates
on H?2 as well. We will use stereographic coordinates (and sphetiqolars)
for this purpose, so we set

2 .

X = 1 > Sin cos (207)

2 . .
Y = 1 5 Sin - sin (108)

2
Z = 1 2 cos (209)
1+ 2 1+ 2

U= 1 > cost V = 1 > sint : (110)
The angular coordinates have their usual range, while 0 < 1. (If we
set = =2 we obtain coordinates for three dimensional anti-de Sittespace

sliced with hyperbolic planes.) We are now able to enjoy thevo advantages
that spatial in nity lies at a nite coordinate distance (= 1) from the origin,
which is fortunate when one wants to draw pictures, and thathe metric on
the spatial slices is manifestly conformally at, so that dl spatial angles will
be faithfully represented by the pictures. Indeed the antile Sitter metric in
sausage coordinates becomes
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2" 2
v " e % @+ 242+ ZsiPd 2 (111)

d52 = 1 2 (1 2)2

So now we can draw an "intrinsic" picture of three-dimensiacal anti-de Sitter
space (set = =2 in the formulas). Note that the surfaces =0 andt =2
have to be identi ed if the picture really is to depict anti-de Sitter space.
"Going to the covering space” means that this is ignored, antthe cylinder is
continued inde nitely in both directions. There are many caitexts in which
the distinction between anti-de Sitter space and its univesal covering space
is immaterial, and sometimes | permit myself to choose one tine other
without explicitly saying so.

Anti-de Sitter space as a sausage sliced with hyperbolic ples

Other coordinates

Personally | prefer to stick to sausage coordinates for vialisation and em-
bedding coordinates for calculations, but the whole rangd ooordinate sys-
tems for hyperbolic spacelincluding half space coordinats, stereographic
coordinates, and all sorts ofad hoc concoctions|have their analogues in
anti-de Sitter space. The stereographic coordinates haveet advantage that
lightcones look like lightcones. This is so because the metbecomes man-
ifestly conformally at, and the path of a null geodesic doesiot depend on
the conformal factor of the metric.

The details are as follows: The projection will be made fromhe point
(X;Y;Z;U;V) =(0;0;0;0; 1) onto the plane atV = 0. Since a particular
choice of steregraphic coordinates is singled out by chamgithe point an-
tipodal to the point of projection we describe this choice alseing "centered

33



onV =1"; around this point distances are not as distorted by the pojection
as elsewhere. The region covered by the projection\'s> 1, or in words
it is the interior of the light cone at the point of projection. (The fact that
this coordinate system does not cover spacetime globallytdects from its
usefulness.) Explicitly

Stereographic projection of anti-de Sitter space

2x 2y 27
X = Y = Z = 112
1 <2 1 s 1 <2 (112)

2u 1+
= =T 11
U 1 <2 1 s2’ (113)
where

2 x2+y*+ 72 ul<1: (114)

The intrinsic metric in these coordinates is manifestly cdormally at, as
advertised:

— 4 2 2 2 2\ .

ds® = m(dx +dy?+ dz?2  dud) : (115)
The coordinate space is now that subset of Minkowski space i is con-
tained within the one-sheeted hyperboloid de ned bys? = 1. The waist of
this hyperboloid is a Poincae ball described by the embedldg coordinates
asU = 0; the point V =1 sits at the center of the waist. The surface/ =0
becomes a hyperboloid in the at coordinate space, making rhanifest that
its intrinsic geometry is that of H 3.
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Anti-de Sitter space in stereographic coordinates

Conformal compacti cation and J

The pictures that we drew really depict conformally compaced anti-de
Sitter space; we select a conformal factor so that the confmally related
metric is well behaved on the boundary = 1. As always the precise choice
of this factor is a matter of judgment. A natural choice is
1 2 1
= vz PoErve (116)

Then (using sausage coordinates)

2 2 — 2 4 2 24 2 2 airl 2y .
d¢’> = 2ds® = dt+m(d + 2d 2+ 2siPd ?): (117)
The spatial metric is that of the three-sphere rather than d space. Indeed
the unphysical spacetime metric is that of the Einstein unierse, which has
the topology S® R, and what we have shown is that anti-de Sitter space is
conformally related to a subset of the Einstein universe, afepicted in the
gure (where two dimensions have been suppressed).

Anti-de Sitter space in the Einstein universe

The boundary of conformally compacti edadS, has the topologyS? R,
where the sphere can be regarded as the conformal boundaryhgperbolic
three-space. This boundary is timelike. It is common praate to refer to it
as J or scri|"script I"|which is de ned as the set of endpoints of all future
directed (or past directed, as the case may be) lightlike gdesics. Of course
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the boundary is also the set of endpoints of spatial geodesicso we can
alternatively refer to it as spatial in nity, but lightlike geodesics are more
important for the causal structure. The whole structure is qgite di erent
from that of conformally compacti ed Minkowski space, for vhich spatial
in nity, future J, and past J are disjoint, and the latter two are lightlike.
It is a crucial di erence and we will devote a chapter of its ow to its study.

Cauchy developments

We now try to put some more structure into our picture of the iterior. To do
this we solve the equations for a lightlike geodesic movingdially outwards
from the origin:

2d t

ds’=0;d =d =0 ) dt = 1+ 2 ) tané— : (118)
The conclusion is that a light ray that leaves the origin at = 0 ends on J
att = =2. This is one of the results that we have already derived ugjrthe
embedding coordinates; another of those results imply thaadially directed
timelike geodesics that start out at the origin eventually tirn around and
reconverge atr = 0 after the passage of an amount of time t. This makes
physical sense, and re ects the fact that a negative cosmgjcal constant
corresponds to an attractive gravitational force. An appant drawback of
our sausage coordinates is that the slope of a light ray deginon the radius.
We can rescale the radial coordinate so that all radial lighke geodesics get
slope one (as one does when drawing Penrose diagrams), betrtht turns out
that the slope depends on direction instead. Our choice ofdial coordinate
ensures that the slope of a light ray is independent of dirgon, although it
does depend on the radius.
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Lightlike, timelike and spacelike geodesics in anti-de Ster space

An important property of anti-de Sitter space is that it is na globally
hyperbolic. What this means is that there are no Cauchy hypsurfaces in
this spacetime, since information is always "leaking in" om its timelike
boundary. Given initial data on (say) the hyperbolic threespace de ned by
t = 0, we cannot predict all of the future, and indeed after the pssage of an
amount =2 of time we have completely lost control of the time developant,
unless we can somehow control the in ux of information fromninity. We
can introduce a new coordinate system to emphasize this stadf a airs. It
will cover only the Cauchy development of the surface = t = 0; the idea is
to rewrite the quadric that de nes adS as

X2+VY2+272 U= (1 V?: (119)

Provided that jVj < 1 the surfaces of constanV are hyperbolic three-spaces
with V-dependent curvature. But the hypersurface/ = 1 is the backwards
lightcone of the point at the spatial origin att = = 2|this is manifest in our
stereographic coordinates where it becomes a lightcone iootdinate space
with its vertex at the center of the waist|and it hits the boun dary at vV =0.
HencejVj < 1 is precisely the Cauchy development of the surfate= 0; the
conclusion is that the Cauchy development can be foliated thi hyperbolic
three-spaces of growing intrinsic curvatures.

The Cauchy development oft = 0 sliced with hyperbolic spaces
Let us be a little more explicit about this; we set
V=sinT: (120)

We rescale the remaining coordinates according to
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X = X cosT Y = ¥ cosT Z = 2 cosT U= OcosT ; (121)

Then the de ning equation for anti-de Sitter space is obeyegrovided that

X2+¥2+ 22 02= 1: (122)

This equation de nes a hyperbolic three-space. The anti-d8itter metric in
these coordinates is

ds? = cos? T(dX?+ d¥2+ dZ2? d0? dT?= dT?+cos’Td ?: (123)

whered 2 is a metric on H3. This is a metric of the Robertson-Walker
form; the Cauchy development has been foliated with hyperkio three-spaces
with constant negative curvatures that grow with T|indeed the intrinsic
curvature of the spatial slices is proportional to 1=cog€ T. The curvature
diverges whenT = =2. From the picture it is clear that this happens
because the hyperboloids degenerate to a cone at this momantime. The
region outside the light cone where the "Cauchy coordinatéedreak down
can be sliced with three-dimensional de Sitter spaces if reke.

Null planes

Once we know what a light ray looks like it is natural to ask fothe anti-de
Sitter analogue of a null plane. By de nition, a null or lightlike surface is a
surface that is contains its own normal. Since the normal isrthhogonal to
the surface it must be a lightlike vector, and it must be the oly lightlike
vector in the surface since a surface containing two null viecs is timelike.
A null surface is in fact ruled by a set of null geodesics.

A lightcone is a null surface. A null plane can be thought of a& lightcone
whose vertex sits at in nity. It is a totally geodesic surfae and we know what
those are in anti-de Sitter space, namely surfaces of the rior

a X=0: (124)

This is a null surface if
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a®=0: (125)

It is useful to know how such a surface looks in sausage coaates (although
the corresponding formula is not so useful).

A null plane in sausage coordinates

It is also instructive to work out what it looks like in sterea@raphic coor-
dinates, where a lightcone looks like a lightcone. Taking ba factor if need
be the equation can be written as

XoX + on + z0Z U V=0 (126)

where

X3+ ys+z5 ui=1: (127)

But this means that (Xo; Yo; Zo; Up) are the stereographic coordinates of some
point on J, and it is a minor exercise to show that the equation for the ru
plane can be rewritten in terms of stereographic coordinaeas

(X Xo)?+(Y Yo)’+(z z)*=(u Uup?: (128)

This is indeed the equation for a lightcone with its vertex onJ , and con rms
that we are indeed dealing with a null plane.

Optical geometry

Let us pursue the propagation of light in anti-de Sitter spag a bit further.
Since it is a static spacetime, we can identify all spaces ofrstant t and
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ask for the spatial trajectory of a light ray. In other words,we choose the
manifestly static sausage coordinates and then we look sght down the
tube from above|we will see the light rays projected onto a smtial disk.
With the exception of those rays that go through the origin, he spatial paths
followed by the light rays are not geodesics on the Poincadisk (whereas
in at spacetime they would be straight lines in space). Howeer, for all
static spacetimes it is true that the light rays do follow sp#al paths that
are geodesics with respect to a spatial metric which is de den a di erent
way than the actual "physical" metric. The idea is as follows Consider the
static metric

ds® = gedt*+ d 2 ; (129)

where all the components are independent bfand d ? is the physical metric
on space (i.e. that metric which is induced on a spatial slidey the metric
on spacetime). Then the optical metric on space is de ned by

di? = id 2 (130)
Ot

It is now possible to prove that the spatial trajectoryx?(t) of the light ray|
which is a null geodesic with respect to the spacetime metji€ indeed a
geodesic with respect to the optical metric, with the time cordinate t as its
a ne parameter. Let us accept this theorem (which is easy to pve) as a
fact. Using the sausage coordinates we nd that the optical etric for adS,
is

4
So while the physical metric is that ofH 3, the optical metric is the metric
of S, which has constant positive curvature. In both cases the nge of the
coordinate is restricted to 0< < 1, so that we have to imagine only
one hemisphere ofs® in order to visualize the light rays as geodesics. For
an observer sitting inside anti-de Sitter space, in nity "boks like" the (two
dimensional) equator of the three sphere, as seen from its idoPole.
Equipped with these ideas we can return to consider a family bght rays
coming from a point on the boundary of anti-de Sitter space hoosingadS;
as an illustrative example. If we think of space as a hemispiee the rays

di? = (d?+ 2d?+ ?siPd ?): (131)
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follow great circles on the sphere. If we use stereographmmocdinatesx;y on
the sphere these great circles correspond to arcs of circleshe coordinate
disk, but they are not orthogonal to its boundary (except in he special case
that the circle is a straight line). Therefore the trajectores are not geodesics
with respect to the physical metric. The particular trajecory going through
the origin is a geodesic with respect to the physical metricdbugh; there is
no con ict with homogeneity of space here since the optical @tric is not left
invariant by SO(2;1), and therefore the trajectories do not transform in any
obvious way under Mebius transformations.

Light rays projected on the Poincae disk

Isometries

We have yet to discuss the isometries of anti-de Sitter spacdn a later
chapter we will give a very detailed discussion for the speticase ofadSs,
but we give the most important features right away. The isontey group
of adS, is SO(3;2) and it has ten generators. There is one Killing vector
that acts like time translation in Minkowski space. In sausge coordinates
we have

_ @u @Vv_ _ _ .
@= @t@*‘@t@—u@"'v@—\]uv- (132)

There is also anSO(3) subgroup generated by the three Killing vectordyy ,
Jyz and Jzx . They work just like rotations in Minkowski space.

So far we are missing the analogues of spatial translationedaLorentz
boosts. We have six generators left to work with, and we picBxy as a
representative example. We know that it acts like a transveéion (with two
xed points on J) on the hyperbolic three-space de ned byw = 0, but it
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does not stay that way. Its norm squared is

jdxuii?= jiX@ + U@jj*= U* X?=Y?+2Z2% V2+1: (133)

Hence it is spacelike within the Cauchy developmen¥/j < 1 of the surface
V =0, but there is also a region where it is timelike. On the sudce de ned
by X = U =0 it has a plane of xed points, and close to this plane it behees
just like a Lorentz boost in Minkowski space. Somehow whatastted out like

a spatial translation att = 0 has become like a Lorentz boost at = =

The ow of Jxu

For reference we give all the Killing vectors o&dS; in sausage coordi-
nates:

Juv = @ Jxy = @ (134)
2 _ 1 2 2 .
Jxuy = msmtcos@ﬁ > cost cos @ > costsin @ (135)
2 o 1 2 . + 2
Jyu = 1+ 2 sintsin @ + > costsin @ + costcos@ (136)
2 1 2. + 2
Ixv = 1+ > cost cos @ + sint cos @ sintsin @ (137)

2 + 2

. 1 . .
cost sin @ + sintsin @ +

Jyy = sintcos@ : (138)

1+ 2
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We will return to a systematic study of the isometry group ofadS; in a later
chapter.

Killing horizons

In Lorentzian geometry isometries have some features thateanot present
when the metric is positive de nite. This can be seen by thinkg about
a Lorentz boost in Minkowski space. First of all it has hyperblic xed
points, something that cannot occur in the positive de nitecase. There are
two regions where the ow is timelike and two where it is spatige, and
these regions are separated by a bifurcate null surface|hamig two sheets
that cross each other on the set of xed points|jwhose normal § the Killing
vector itself. This situation is generic for spacetime isoetries and motivates
a de nition: A null surface whose normal is a Killing vector ¢ called a Killing
horizon.

The bifurcate Killing horizon of a Lorentz boost
Let the Killing vector be . We can de ne a family of hypersurfaces by

= constant : (139)

The Killing horizon occurs where the constant vanishes. Sia the normal

lies along the Killing vector eld there must exist a proporionality constant
such that

r = 2 X (140)

This equation must hold on the null surface if it is indeed a Kling horizon.
The proportionality constant is called the surface gravity of the horizon|
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and its value must be evaluated on the horizon itselfA priori the surface
gravity might be a scalar eld rather than a constant, but it can be shown
that it is necessarily constant in the direction of the null gnerators. Moreover
it is constant in all directions on any bifurcate Killing horizon. There are
Killing horizons that are not bifurcate but consist of a sintg sheet. For
them the constancy of can be shown to hold if Einstein's equations are
assumed to hold, with some reasonable conditions on the egyemomentum
tensor. The bifurcate case is the generic one and occurs weegr there is
some O 2) dimensional set of xed points in aD dimensional spacetime.

If the surface gravity vanishes the Killing horizon is saidd be degenerate.
The ow of the Killing vector has to change from spacelike toitnelike across a
non-degenerate Killing horizon, but this may or may not be we if the horizon
is degenerate. Conversely it should be noted that the Killogn vector can
change from spacelike to timelike without going through a Hling horizon,
since the surface where the Killing vector becomes lightékcan be timelike.

Anti-de Sitter space provides instructive examples of the dhaviour of
Killing horizons. Let us rst consider the Killing vector

= @ = aJxu ; (141)

where a is some arbitrary constant. This Killing vector becomes ligtlike
when

= jjadxujj?= a®(U?*> X?H)H=a*(U+ X)U X)=0: (142)
This is indeed a bifurcate null surface consisting of two ietsecting null
planes. On that branch of the surface wher¥ = U we nd that
r a’(U? X?=2a? X;0,0;U;:0)=2a% U;0;0;X;0)= 2a : (143)
Therefore this is a bifurcate Killing horizon with surface gavity = a. (On
the other branch of the surface the sign is reversed since tKdling vector
is past directed there.)

Now suppose that we twist our Killing vector a little. First set

= alxy + by ; a>b>0: (144)
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Then the Killing vector becomes lightlike on the surface

= a’(U? XA+ P(V? Yd)H=(a® P)(U? X3+ =0: (145)

However, it is easy to convince oneself that this is a timekksurface. There-
fore it is not a Killing horizon and indeed there are none forhis choice of
Killing vector. Parenthetically it is clear from this obsewation of an invariant
property that the twisted Killing vector must belong to a di erent conjugacy
class than doesJyxy . Next we take

= a(Ixu + Ixy): (146)
This is an interesting case because the norm squared vansivehen

jja@xu + Ixv)jj?=a%(U+Y)*=0: (147)

This is a null surface with a single branch. Since it has a dolézero it is
clear that on this surface

r (U+Y)?=0: (148)

The surface gravity is zero; this is a degenerate Killing hmon and the ow
of the Killing vector is spacelike on both sides of the horimo

The surfaces where a Killing vector becomes null; three case

The attractive gravitational force
We can get some physical feeling for anti-de Sitter space ievcompare an
observer moving along the Killing vector eldJyxy with an observer mov-
ing along a boost Killing vector eld in Minkowski space. (Wechooselyy
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because we tend to regard the surfacé = 0 = t as if it were our country
of origin in anti-de Sitter spaceland it is Jxy rather than Jxy which is
timelike there.) For simplicity we restrict ourselves to tle two dimensional
case,

X2 U? vi= 1: (149)

We also restrict our attention to the region wherev? < X 2, which is where
Jxv is timelike (and whereU? > 1). In general, the acceleration experienced
by an observer moving along a vector eld is given by

1 1
a ( ) r 2r In ( ) ; (150)
where the second step was possible only because we assumitlieatrajec-
tory lies along a Killing vector eld. The result of a small cdculation (it is
convenient to do it in a coordinate system wheré@y, = @ for some suitably

chosen time coordinate ) then reveals that

U2

2 — .

a aLa—U2 1 ) l<a< 1 : (151)
The expression diverges when we approach the Killing horizoThe existence
of a lower bound greater than zero is a new feature not presentMinkowski
space. We can understand why it occurs if we consider the alecation of an
observer moving along the Killing vectordyy, which in sausage coordinates
is just @, this is an observer hovering at a constant distance from tharigin
of the sausage coordinates. For such an observer we obtain

a’ = XZ
T 1+ X2

This observer is subject to an attractive gravitational foce not present in
Minkowski space, and the same force is acting on the accetedhobserver.

) 0<a< 1: (152)

Euclidean section

In physical applications it is frequently interesting to armlytically continue a
metric of Lorentzian signature to one of Euclidean signatefassuming this
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can be done at all. What we require for this purpose is a complenanifold
that has the given Lorentzian space as a real section, and atilchally has a
real section with Euclidean signature. In practice such anu€lidean section
may or may not exist, and it may or may not be unique if it exists This
raises some di culties, but in the case of static spacetimethere are none:
An Euclidean section of a static spacetime can always be obtad by letting

tr it (153)

for the coordinate along the timelike Killing eld.
Anti-de Sitter space is a static spacetime, so let us perforthis analytic
continuation using sausage coordinates. The resulting nit is
|
1+ 2 4
dt? + ————(dx? + dy? + dZ?) : 154
It is not di cult to see that these coordinates parametrize hyperbolic space

ds® =

X2+ Y2+272+V2 U*= 1: (155)
The continuation entails

+ 2 + 2

. 1 1 .
V! v U= 1 2 cosht V = 1 2 sinht : (156)

Therefore we regard hyperbolic four-space as the Euclideanunterpart of
anti-de Sitter space. In a similar way the four-sphere is thanalytic contin-
uation of de Sitter space.

The link between adS, and H* can be made a good deal tighter. To
see how, let us rst forge the corresponding link betweedS, and S*. The
spacetime topology is that ofS® R. Now choose a three-sphere in de
Sitter space that has vanishing extrinsic curvature (say,hte "waist" of the
hyperboloid). The data that we are given is the extrinsic cwature and the
intrinsic metric on the three-space, and as is well known tise data su ce to
reconstruct de Sitter space both to the future and to the pasof the three-
sphere by means of Einstein's equations. On the other hand we&n regard the
three-sphere as the equator of a four-sphere. Since the @x$ic curvature
vanishes anyway this is a possible interpretation, and thentrinsic metric
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on the three-sphere can be regarded as boundary data from walhiwe can
reconstruct the four-sphere by means of the Euclidean versi of Einstein's
equations. Now the idea is to use the Lorentzian equations ame side of
the three-sphere, and the Euclidean equations on the othefhe result is
a smooth space that changes signature across the three-ggheNot only is
there a complex manifold that admits bothdS, and S* as real sections|now
we see that these sections can be made to intersect along $hinside the
complex manifold.

Gluing a Lorentzian and an Euclidean space together

The same argument applies t@dS, and H*; evidently they intersect in
an H?3 with vanishing extrinsic curvature. There is a slight comptation
because the space is open, and the data BIrf have to be supplemented with
data along the conformal boundaries of the spacetime and tispace that
we are trying to reconstruct. But this does not change the ovall picture.
Why is the picture wanted in the rst place? The answer is thatthis kind of
construction appears in the Euclidean approach to quantumravity and in
guantum cosmology; maybe it has something to do with physics

Exercises

Draw all the pictures for this chapter.
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ASYMPTOTIA

A change of hats

To set the conformal compacti cation of anti-de Sitter spae in context we
will wish to compare it to that of Minkowski space on the one had, and to
that of the more general class of asymptotically anti-de S&r spacetimes on
the other. Because we will focus on the unphysical geometny ihe neigh-
bourhood of J it will be convenient to make an exchange of hats|in this
chapter all geometrical objects built from the physical metc will appear
with hats on, while there will be no hats on unphysical objest

Minkowski space

Minkowski space appears to be rather simpler than anti-de t&r space,
but this is not so when we try to understand what goes on at in ity|the
structure of the conformal boundary of Minkowski space is g a bit more
involved than that of anti-de Sitter space. To get to grips wh the former
we begin by introducing retarded and advanced null coordines

u=t r V=t+r: (157)

An outgoing radially directed null geodesic has constant, which is why u is
called a retarded coordinate|the coordinate v serves as an a ne parameter
along the outgoing ray. Anyway, in these coordinates the pljcal Minkowski
metric is

(u v)?

d$? = dudv+ d ?; (158)

whered 2 is the metric on the two-sphere. Next we bring in nity in to a
nite coordinate distance through

u=tanp v=tanq: (159)
Then the metric becomes
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Figure 6: Advanced and retarded null coordinates.

1
2 _ +qin?2 2y -
ds 4008 pcog q( 4dpdg+sin“(p qgd “) (160)
"In nity” now occurs at p or q equal to =2, and the metric is clearly ill-
de ned there. This can be cured by a conformal rescaling; el@ntly we can
choose the conformal factor so that the conformally relataghphysical metric
is

ds? = 2d&’°= 4dpdg+sin?(p qg)d 2: (161)

(The conformal factor vanishes at the boundary and has norem gradient
there, as it should.) This metric is perfectly well de ned ado whenp= =
There is a coordinate singularity atp = g, but this does not matter. There is
a similar problem at (p; 9 =( =2; =2), corresponding tor = 1 . This is
in fact another coordinate singularity and does not matteriéher. The point
where it occurs is known as spatial in nity.

If we introduce new coordinates

=ptq =q p (162)
we get

d= d 2+d2+sin2d 2: (163)
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Figure 7: Here we see 1+1 dimensional Minkowski space, embedded in ti@nstein
universe, as a conformal diagram, and as a Carter-Penroseatiram. The latter is
valid in any dimension.

This is the metric of the Einstein universe. The two coordin@ singularities
that we encountered above occur at antipodal points on the apal three-
sphere. So just like anti-de Sitter space Minkowski space ¢snformal to a
subset of the Einstein universe, but the two subsets are dirent and the
nature of the conformal boundary is dramatically di erent n the two cases.
The boundary now consists of two separate null surfaces eall future and
past scri,J * andJ . These are really lightcones with one vertex at future
and past timelike in nity, i* andi respectively, and one vertex at spatial
innity i° The fact that a single light cone manages to have two vertise
is a little hard to visualize directly, but it is clear from the way that it is
embedded in the Einstein universe that this is what happens.

We can think of lightlike innity J as the set of endpoints of lightlike
geodesics, and spatial in nityi® as the set of endpoints of spacelike geodesics.
It is the conformal rescaling that provides the geodesics tiendpoints in
the rst place. In anti-de Sitter space the conformal boundey plays both
roles, but in Minkowski space they are kept separate.

The picture that we have arrived at is not quite the same as thene that
we would get from the point of view of the projective null quadc

X2+ X2+ X2+ X7= X2+ X¢ (164)
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in CP°. As we have seen this quadric provides a model for compactie
Minkowski space from a conformal point of view. By scaling fthomogeneous
coordinates suitably we see that the topology of our quadris S* S!. We
can recover this structure from the new version of compaced Minkowski
space if we identifyJ * andJ  with each other. This can be done in a fairly
natural way since every null plane in Minkowski space can begarded as
a lightcone with one vertex onJ * and the other onJ ; one can identify
the corresponding points and in the process one nds that,i andi® get
identi ed with each other. In this way all lightrays become bpological circles
and there is a single lightcone at in nity. As a reward we gaim natural action
of the conformal group|the drawback is that no such man uvre is possible
in more general spacetimes. Since Minkowski space is not subject we do
not enter into any further details here.

Conformally related spacetimes

As a preparation for our study of the conformal boundary of nre gen-
eral spacetimes we consider two conformally related but ahwise arbitrary
spacetimes in some detail. Suppose that

g = %0 : (165)

We introduce the rule that indices on hatted and unhatted olgcts are raised
and lowered with the hatted and the unhatted metric, respectely. It follows
that

T . 1% n= W n+mf 1o
1 .- m
) (166)
T m13 0= W (n I)Hm 1)-f
1 1 .

m 1 -+ n =«
1 30 m 1

The number w is known as the conformal weight of the tensor. The metric
has weight zero, and the de nition is made in such a way that th weight is
unchanged by raising and lowering of indices. It is only ra#r special tensors
that transform in this way|most tensors do not have a conformal weight.

We will want to remove the hats from various geometric objest First
we de ne
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n =r : (167)
Then it is easy to show that

fV=rV+C V; (168)
where the contortion tensor is

C :1(n+ n g n): (169)

It is a straightforward exercise to derive from this that

R = 2R +4( rnl %n“) b (170)

On the other hand we may always write

R =c +ap!t I}, (171)
whereC is the Weyl tensor (the "traceless part" of the Riemann tensy,
and similarly for the hatted curvature tensor. Hence we cothade that the

Weyl tensor is a tensor of conformal weight minus two;

¢ =c (172)
Moreover

B o=p + 1 2—1zggr roo: (173)

The tensorP is simply related to the Ricci tensor, but the exact relation
depends on the dimensio of spacetime. WherD =4 or 3 we have

1 1

P =3R 50 R D=4 (174)
1

P =R 79 R D=3: (175)

The signi cance of the Weyl tensor is that a spacetime of dinmsionD > 3
is conformally at if and only if its Weyl tensor vanishes. Inthree dimen-
sions the Weyl tensor vanishes identically, and its role isaken over by the
conformally invariant Bach (or Cotton-York) tensor:
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B =B r (P, D=3: (176)
A three dimensional spacetime is conformally at if and onlyif the Bach
tensor vanishes.

It is useful to record the once contracted Bianchi identityn four dimen-
sions:

r C +2r Py =0 D=4: a77)
In all dimensions the twice contracted Bianchi identity gies

r P =r P (178)
P is the trace of P

Asymptotically anti-de Sitter spacetimes

We are now ready to discuss spacetimes that are asymptotigaénti-de Sit-
ter. Roughly speaking these should look like anti-de Sittespace far away
from some central region. Itis when this notion is to be madegcise that the
conformal viewpoint really pays o ; as shown by Penrose theniuitive ideas
can be captured in a few assumptions about the overall confoal structure.
There is some latitude in deciding precisely what these assptions are since
we are trying to de ne a notion which is only approximate anywy|namely
the notion of isolated gravitating systems. The assumptianare too weak if
nothing can be proved, and they are too strong if no such systs occur in
Nature. It is not a priori obvious that a middle ground exists, but it does.

At the outset we have a physical spacetimd! with a metric § obeying
Einstein's equations

R %g R+ g =T (179)

Next we identify M with the interior of a compact manifold-with-boundary
M, whose boundary is J. The manifold M has a metricg which is
conformally related to that of M by

g = *§ : (180)
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It is assumed that

=0 on J : (181)

The remarkable thing is that this assumption is all that is neded to en-
sure that M is asymptotically anti-de Sitter in a local sense, apart frm
necessary assumptions on regularity and analyticity as Weds suitable fall-
o0 assumptions for the energy-momentum tensor. Some extrassumptions
will be needed to ensure that the topology is right|especialy to ward of
problems having to do with light rays that do not escape toJ |and more
detailed assumptions concerning the existence of variousnserved charges
may be added as well. These complications should not be alemhto obscure
the basic idea, which is that Einstein's vacuum equations fahe physical
metric are enough to ensure that the physical Weyl tensor musanish in
the neighbourhood of the hypersurface = 0 in the unphysicalspacetime.

It is another question whether spacetimes with the requiredegree of
regularity at J are in any sense generic as solutions of Einstein's equa-
tions. In some sense this is the question to which extent Eiresn's equations
themselves give rise to a suitable de nition of isolated simms. Substantial
progress has been made on this issue by Friedrich, with reassg results
at least in the anti-de Sitter case. But Friedrich's work is gite beyond our
scope here|in fact we will make the necessary regularity assnptions with-
out comments. In particular once it has been shown that can kb used
as a coordinate in the neighbourhood of) | will tacitly assume that | can
perform power series expansions in this coordinate, althgln as a matter of
fact this is a dubious assumption.

The program is to deduce what Einstein's equations have to ysabout
the unphysical geometry nearJ . That is to say, our task is to remove the
hats from various objects. We will make some simplifying assiptions|
apart from analyticity assumptions the assumption that < 0 is the most
important one, since the asymptotically at case is signi @antly more subtle
and requires further postulates, including topological asimptions and the
assumption that the gradient of is non-vanishing on J. We also assume
that D = 4 and that the energy-momentum tensor vanishes. The formutio
get more cumbersome if matter is included, but in principletiis straightfor-
ward to formulate fall-o conditions that ensure that the main conclusions
are unchanged.
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Our starting point is therefore the pair of equations

R = ¢ , ﬁzgg (182)

and

1 1
P +>r n ﬁnzg =P (183)

We use the latter equation to transfer information to the unjysical geome-
try. We rst combine our two equations and get the basic equabn

1
P+ r n Efg =0 ; (184)

where

f== n2+ - (185)

One conclusion is immediate. If we let # stand for equality i J it must
be true that

nn=# —: 186
3 (186)

Since we assume that< O the conclusion is that the surface =0 must be
timelike, just as in the case of anti-de Sitter spacetime i&df. Note that the
conclusion implies that can be used as a coordinate in the mghbourhood of
J . It does not imply that the various geometrical objects thatwe encounter
can be written in terms of power series expansions in , but wewvill so
assume.
We are now allowed to divide our basic equation by . Contracing with

the normal vectorn we obtain

1
Pn+§rf:O: (187)

We can also take the curl of the basic equation. Then the Riema tensor
will arise from the term

reyr gn =R n: (188)



After a bit of massage the resulting equation is

1
r[P]+§C n =0: (189)

A further conclusion follows:

C n2 ) ¢ =¢ =0: (190)

The implication is easy given that a part of the Weyl tensor that is self dual in
one pair of indices must be self dual in the other pair (but net that it holds
only if the vector is spacelike or timelike). Since the Weylensor vanishes at
in nity the spacetime is indeed asymptotically anti-de Siter in a local sense.

Conserved charges

What are the structures available on J ? Are there conserved charges
de ned there ? The answer is that there are obvious candidageand that
they can be obtained in a few more steps. First we consider thrinsic
geometry on J . In general, if we have a submanifold whose normal vector
isn there is a projection operator that projects tensor elds taensor elds
on the submanifold:

q = —nn : (191)
The idea is that

T 4G T ) NTy, =0 (192)

and so on; we use Latin indices as labels on tensors that haveeh projected
down to the submanifold in this manner. Lowering one index otine projector
we obtain the rst fundamental form, that is to say that the intrinsic metric

on J is

3
G = Gab+ —NaNp : (193)

Since the normal vector is now spacelike the intrinsic metriis Lorentzian.
Moreover the unphysical metricg is de ned only up to a conformal factor,
so that it is only the conformal structure induced onJ that is signi cant.
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Next we observe that the vanishing of the Weyl tensor at] allows us to
form the tensor

K ic . (194)

Using the equation that we have derived already together witthe once
contracted (unphysical) Bianchi identity we can show that

r K =0: (195)
Now consider the "electric" part of this rescaled Weyl tenso

3
Ea —Kzp NN : (196)

Since this tensor is orthogonal to the normal it can be vieweals a symmetric
and traceless tensor eld on J. Moreover we can introduce the unique
torsion free and metric compatible derivative operator onJ , namely

DT,.5% = quq:dfr T 7o (197)
It is now a straightforward exercise to prove that

r K =0 ) D.E®=0: (198)

By now we have a respectable amount of intrinsic structure deed on J,
including a metric, a metric compatible connection, and a ansverse trace-
less tensor; it turns out to be enough to de ne conserved clges in some
circumstances.

Suppose that the induced metric onJ admits a conformal Killing vector

. Let C denote any spacelike surface od |a "cross section" of J |and
consider the integral
S _32

QICl= — _Ea“dS’: (199)

This is a conserved charge since we have, for two di erent @® sections
bounding a volumeV, that

4
QIC] QCI= —° dVDLE® )=0: (200)
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The integrand is zero due to the facts thatE2® is transverse and traceless
and that

Danp= Qab: (201)

Since the conserved charges require a conformal Killing t@conly, they will
survive a conformal rescaling of the intrinsic metric onJ .

In the presence of matter the electric part of the rescaled Wetensor
may or may not be divergence free, depending on the fall-o pperties of
the matter elds. On the other hand the magnetic part

of the rescaled Weyl tensor (where the star stands for the Hgd dual) is
divergence free whether there is matter or no. This gives @$o an additional
set of possible conserved charges, with no analogue in thgraptotically at
case (where they vanish identically).

Now there are two points worthy of note. First the result is usatisfactory
because there is no guarantee that the metric old admits any conformal
Killing vectors at alllwe get conserved charges only in rather special cases.
This suggests that the de nition of asymptotically anti-de Sitter spacetimes
ought to be strengthened by some further boundary conditigrand we will
presently turn to this question. The second point is that theresult is sur-
prisingly strong; our conserved charges are in fact analagoto the Bondi
four-momentum in the asymptotically at case, and the latte has the appeal-
ing property that the Bondi energy is a monotonically decresing function of
time. This re ects the fact that gravitational radiation can carry energy out
of an asymptotically at spacetime. As we have seen this doe®t happen
in the asymptotically anti-de Sitter case, where the conction is that the
charges are identically conserved in the absence of mattdihe conclusion is
that the attractive gravitational constant causes the graitational radiation
to fall back into the interior. In this sense the conformal bandary is much
more like spatial in nity in the asymptotically at case.

A stronger de nition
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We would like to strengthen the boundary conditions that dene an asymp-
totically anti-de Sitter spacetime in such a way that the coserved charges
always exist. This will be so if the geometry onJ is conformally at, that
is to say if the three dimensional Bach tensor

Banc?0 (203)

What is this condition when expressed in four dimensional tguage? The
answer turns out to be

Ba20 : (204)

Hence it is appropriate to strengthen the de nition of asymgotically anti-de
Sitter space by the requirement that the magnetic part of theescaled Weyl
tensor shall vanish on J. In addition one may require that the topology
of J shallbeR S?, although as we have seen the mathematics does not
require this.

With this requirement added there is a certain universal strcture in
place, shared by all asymptotically anti-de Sitter spaceslhis includes a set
of ten conserved charges de ned by means of the ten conforrfdling vectors
that can be de ned on a conformally at 2+1 dimensional spacéme. They
generate the conformal grousO(3; 2), and hence the asymptotic symmetry
group is the anti-de Sitter group SO(3;2). Again this is a much simpler
result than that obtained in the asymptotically at case whee the group of
asymptotic symmetries, i.e. the group leaving the universatructure invari-
ant, is an in nite dimensional generalisation of the Poince group known as
the BMS group. It is worthwhile to mention that the case of 2+1dimensional
anti-de Sitter spaces is special; in that case|which cleasl requires a separate
treatment|the conformal group acting on J is in nite dimensional, and so
is the group of asymptotic symmetries acting on asymptotidiy anti-de Sitter
spaces in 2+1 dimensions.

Finally, the canonical example of an asymptotically anti-d Sitter space
is the Kottler (or Schwarzschild-anti de Sitter) solution

|
dr?

2m 2
1r3r

a@= 1 M 2 g2y
r 3

+r2d 2: (205)
Let us de ne a new radial coordinate by
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=r 1 (206)

and set

= (207)

Then a quick calculation reveals that

dszﬂgdtz + +d 2 (208)
3

Evidently the metric induced on J is at. Closer scrutiny reveals that there
is a problem here: Like the Schwarzschild solution the Kogt solution has
two asymptotic regions, so that the topology of the conforméoundary is
not even connected. One reason why many de nitions of asyngiically at
(or anti-de Sitter) spacetimes look a bit laboured is preogty that they are
designed to handle such di culties.

Afterthought

Throughout | have kept hinting at the fact that the analysis d in nity in
asymptotically anti-de Sitter spaces is similar to but simfer than that of
the asymptotically at case. The negative cosmological catant serves as
a regulator of the long distance behaviour of the gravitatimal eld. In this
respect it is of some interest to see what happens to Penrasargument
against the view that Einstein's theory can be regarded as amective eld
theory of a spin 2 eld de ned on a at background; this argument depends
delicately on the long distance behaviour of the eld and thefore it should
be a ected by a negative cosmological constant.

The original idea is as follows: Consider the Schwarzschitdetric

2
ds® = 1 ZTm dt® + 1(]';2"1+ r’d 2: (209)

r

This may be glued to an interior solution describing the sunso no fancy
topology is being assumed. Now suppose that there is an unigerg at
metric, and that whatever theory that gives rise to the Schwaschild metric
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as an "e ective" metric respects causality as de ned by the at metric|we
intend to think of gravity much as we think of electrodynamis in a medium,
where the velocity of light can di er from that in vacuo, but cannot exceed
it. It follows that a vector that is timelike or lightlike wit h respect to the
Schwarzschild metric has to be timelike or lightlike with repect to the at
background metric as well. This appears to be so if we choose tbackground
metric to be

dr? = dt?+ dr?+ r?d 2: (210)

There is however a catch. Consider an outgoing light ray in ¢nSchwarzschild
geometry, obeying the equation

dt r
— = : 211
dr r 2m ( )
The solution is
u=t r 2min(r 2m); (212)

whereu is a constant. We refer to it as the retarded time of the light ay;

it is a useful coordinate onJ *, future null in nity of the Schwarzschild

spacetime. But we can also introduce a future null in nity bymeans of our
at background metric. The retarded time of an outgoing nullgeodesic with
respect to the background metric is

U=t r, (213)

and clearly

rI!ilm (up uw=1": (214)

The conclusion is that the light ray does not hit future null n nity|as de-
ned by the background metric|at all, rather it ends up at fut ure temporal
in nity. But it does seem reasonable to demand that the backgund space-
time should agree with the "e ective" physical spacetime ain nity, where
the e ects of the gravitating mass are negligible. The backgund metric
that we selected fails to do this.

So we try again. We introduce a new radial coordinate
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Figure 8: A star in a at background. The trouble is that light from the s tar ends
upatit.

r°=r+2min(r 2m): (215)

As our at background metric, we choose

dr® = dt®+ dr®+ r®d ?: (216)

This resolves our di culty, since with this choice of at metric the retarded
times of the radial light ray becomes the same with respect tmoth metrics.
The metrics have been properly connected at innity. But nowanother
problem hits us. Ifd$ is some tangent vector which is lightlike with respect
to the Schwarzschild metric, we must have that

2
d&? = (1 Tm)( dt?+ dr®) + r2d 2=0 : 217)
But with respect to the our new background metric we then nd hat

!
3

d"®= (r+2ml 2m))? d 2: 218
(r+2min(r  2m)) o (218)
For larger this goes like
2mr?
21 1)>0: 219
——=—(2hr 1) (219)
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Hence geodesics which are null but not radially directed whitrespect to the
Schwarzschild metric are spacelike with respect to our newgposed back-
ground metric. But we already argued that the "true" backgraind metric
cannot have this property, and therefore our second candidaalso fails.

The failure is not due to lack of imagination on our part, becase Pen-
rose went on to prove that it is impossible to de ne a at metrc on the
Schwarzschild spacetime which ful Is both our requiremest It should lead
to the same notion of null in nity as the Schwarzschild metre, and a curve
which is causal with respect to the latter should also be caalswith respect
to the former. Hence we have a de nite argument against vieng Einstein's
theory as a kind of e ective theory of a spin 2 eld de ned with respect to
an unobservable at metric. Such a at background metric sirmply cannot
exist.

What happens if the cosmological constant is negative? In dh case the
behaviour far from the sun will be dominated by the cosmologal constant,
rather than by the sun itself. But this suggests that the sun Isould be
more or less irrelevant for the causal structure far from theun, and that
Penrose's argument should fail in this case. Indeed this is.sWe replace the
Schwarzschild metric with the Kottler metric, and choose armanti-de Sitter
background metric by settingm = 0 in the Kottler metric. Repeating the
calculation that was done above leads|once the appropriateintegral has
been performed|to

U u - (220)

for large values ofr.2 This means that J de ned with respect to one of the
metrics agrees with J de ned with respect to the other, and that Penrose's
argument indeed fails in this case.

The lesson is again that in nity in anti-de Sitter space is vey far away|
it is so far away that gravitational radiation cannot reach t, and the causal
structure in its vicinity is una ected by any mass concentraion in its interior.

°This is a bit confused. For a correct version of the argument,see K.Oberg: Back-
grounds for the Schwarzschild solutions; the inuence of , Master's Thesis, Stock-
holm/Lund 2000.
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Exercise

Prove that

r[R ] =0 ) r C +2r[P]=0: (221)

Given a hypersurface de ned by = 0 and with normal vector n =

r . Show that D, as dened in the text is the standard metric
compatible covariant derivative formed from the induced nteic Qup.

(Hint: You are supposed to know that this derivative existsand that
it is unique.) Also check that

r K =0 ) D.E®=0; (222)

where the tensors and the derivative operators are de ned ihe text.
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GREEN FUNCTIONS

Generalities

No discussion of the geometry of anti-de Sitter space woul@ lsomplete with-
out some mention of how the wave equation behaves on such akmaound|
we want to know what the geometry does, not only what it is. It wl prove
convenient to begin with a discussion of the Laplace equatiaon hyperbolic
space, partly since this is of interest in itself and partly bcause we can
then approach the wave equation by means of an analytic contiation from
hyperbolic space.

In a general curved space the invariant Laplace operator i®thed as

4 D.D= pl—g@(p I5°@) (223)

and the equation that we wish to solve is

(4 ) =0: (224)

We will refer to this as the Helmholtz equation. In at space w obtain the
Klein-Gordon equation after an analytic continuation to Mnkowski space,
and this is the reason why we have chosen a notation that sugtge that the
eigenvalue 2 is greater than zero, but this is not necessarily so. In at spce
we know that 2> 0O leads to solutions that fall o exponentially at in nity,
while 2 < 0 leads to oscillatory solutions. There is a similar divisio into
two main cases in hyperbolic space, but the \critical" valuas negative and
there is an interesting \ ne strucure” just above it.

The discussion will focus on the Green function. By de nitio it obeys

(4 2G(1;2) = pl—g (1;2) : (225)

The equation is to be solved under the condition that the Greefunction
vanishes when one of its arguments lies on some closed hypedese, or else
its normal derivative is to vanish there. To see why the Greefunction is
a good thing to have, indeed the only thing one needs, suppadat A is
such a closed hypersurface surrounding a volurive Then we can explicitly
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construct a eld that obeys the homogeneous equation, using only data on
the boundary A. If the value of the eld is speci ed on the boundary this is
called Dirichlet data, if its normal derivative is speci edit is called Neumann
data. The construction, given a Green function with the stagd properties, is
as follows: Let the second argument of the Green function be some point
inside the volume and let be any solution of the homogeneous equation.
Then

Z
(x)= dv((4 %G (4 »HG)=
. . (226)
= dVD¥D,G D.G)= dA¥D .G D.G):

If G = 0 on the boundary this gives the eld at x in terms of Dirichlet
data, and if the normal derivative of G vanishes on the boundary we get
in terms of Neumann data. More general \mixed" boundary contlons can
also be contemplated.

Given Dirichlet data on the boundary our solution is uniquefi 2 > 0.
This follows from another simple observation, viz.

Z VA Z
dv(DaD? + 22)= dVD* D, )= dA®D, : (227)

All the terms in the integrand on the left hand side are positie or zero, while
the right hand side is zero. It follows that the only solutionthat vanishes
on the boundary has vanishing gradient everywhere, there&the solution is
zero everywhere. If Neumann data are speci ed on the boundathe solution
iS unique up to a constant. If 2< 0 no conclusion can be drawn.

In our discussion we will place the enclosing hypersurfaceia nity and
the Green function will be assumed to vanish at in nity. Thisis not quite
the situation that we have just considered, but it will turn out that for
a special value of 2 (the \conformally coupled scalar") the discussion is
directly relevant because we can transform the whole probfeto that of
solving the Helmholtz equation on the conformally compacad space, which
has a boundary at nite distance from any point in the interia.

Flat space
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For reference, let us collect some relevant results in at sge. The question
is to which extent these results can be generalized. The rstriking thing
about at space is that is an isotropic spacelall directions are equivalent|
and this means that the Green function can depend only on theegdesic
distance between the source and observation points. It fols that the partial
di erential equation that we have to solve can be reduced toraordinary
di erential equation; if we choose spherical polars with th origin at the
source point it will be enough to solve
n

@ +
r

(We usem? rather then 2 for the eigenvalue, sincen can be identi ed with
mass in a fairly unproblematic way in at space.) Since hypéwlic space is
isotropic as well, this feature generalizes. If you like yooan think of the
Green function as a solution of the homogeneous equation ihet interval
O0<r< 1. We require that it falls to zero at in nity and diverges in a
suitable way at the origin.

The behaviour atr = 0 can be gleaned by solving the cas®? = 0, and
this happens to be trivial. Ifn =2 itis

o m? Gu(rmd= () (228)

1
G(r) = > Inr + constant : (229)

The catch is that this cannot be reconciled with the requiremnt that the
Green function is to fall to zero at in nity. In two dimensions the Green
function of the Laplace equation has an incurable infraredivergence (al-
though it can be de ned in a box). This di culty will actually go away in
hyperbolic space. Iin > 2 the solution is

1

1
G(r) = " 2A, S 2 + constant ; (230)
n 1

where A, is the area of then-sphere. With a little e ort one can show that

n+l

An (231)

_2 2 .
(")

If we set the arbitrary constant to zero we are home.
For non-vanishingm? the solution is not elementary. The answer (now
vanishing at in nity in all cases) turns out to be
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i im 1 .
Gn(r;m?) = a5 r—H(l)(lmr); =

n .
2 )

(232)

whereH® denotes a Hankel function of the rst kind, with the asymptoic
behaviour

S

HO@E) 2 (+ha) (233)

As advertized our Green functions vanish exponentially fdarger provided
that m is real; if m? < 0 we obtain an oscillatory behaviour.

We have insisted on keeping the dimension arbitrary. Examination of
the equation reveals that the solution inn + 2 dimension follows from that
in n dimensions if we set

Gnsz (r;m?) = %@Gn(r; m?) : (234)

(The factor in front is chosen so as to obtain the correct strgth of the
singularity.) Hence all the Green functions can be deriveddm G, and G;
by repeated di erentiation. This statement is consistent with the explicit
solution because of recurrence relations obeyed by all the$sel functions;
it is also a feature that generalizes to hyperbolic space.

In odd dimensions things simplify because the asymptotic pansion of
a Hankel function of half integer order terminates after a fite number of
terms. Thus we get

Lo le™
Gs(r;m?) = 1T
A similar simpli cation occurs in odd dimensional hyperbak space, where
the Green functions can again be expressed in terms of elemagey functions.
If we have a solution of the Laplace equation with the same fad be-
haviour as the Green function we would conclude that it is sgue integrable if
m > 0 but not if m = 0. On the other hand the energy integral is convergent
also form = 0.

(235)

The equation inH"
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Like at space, hyperbolic space is isotropic|therefore the Green function
can only depend on the geodesic distancebetween the source point and
the observation point, and the calculation can again be reded to that of

nding the Green function of an ordinary di erential equation. There are two
natural ways to arrive at this. We can choose a geodesic poleoordinate

system with the origin at the source point, so that the Greenuinction is a

function of the coordinater only. The equation to be solved is

(@+(n 1cothr@ HG(r; )= (r): (236)

Since we are using coordinates where= d, we get the Green function in
coordinate independent form by replacing with d.

Alternatively we can use the embedding coordinates. We rstle ne a
projection operator

q = +XX ; g =n: (237)

This projection operator has the property that it annihilates the normal

vector of the quadric hypersurface that we are interested iGH" for the
present, although the formul work for adS, as well). That is to say that

g X =0: (238)

The standard covariant derivative on the hypersurface is nogiven by

Da=q, @: (239)
It is a straightforward exercise to show that
1
4 =qg @Q@+nX @-= EJ J (240)

The second equality makes contact with group theory sinc#? is a Casimir
operator of the isometry group; this makes sense since theplacian in at
space is

4 = P?; (241)

whereP? is a Casimir operator of the Euclidean group. A great deal cane
learned about our problem from a study of the representatiotheory of the
relevant group, but we will not rely on this here.
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The Green function is assumed to be a function of geodesictdisce d
only. It is convenient to use the variable

u=coshd= X; X,: (242)
It follows that when u 6 1

(4 AG(u; )= (@1 u)GRU)+ nuGqu) G(u)=0: (243)

This is precisely what the equation that we had above turns to, if we make
the substitution u = coshr. When n = 2 it is recognizable as Legendre's
equation. The solution is to be sought under the conditionshat

1 1
(n 2)A, (rn 27
unlessn = 2|the general rule is that the strength of the singularity i s the
same as in at space, since any curved space is locally at.
Of course our di erential equation can be transformed this ay and that
through various substitutions. One frequently sees

lim G(u)=0 lim_ G(u) = (244)

v= sinhzré) vl v)G%v) 2(1 M)GYY)  2G(v) =0 : (245)

This is recognizable as the hypergeometric equation for aespal choice of
parameters. We prefer the substitutionu = coshr however.

The solution in H"

As in at space the two and three dimensional Green functionare the keys
to the general solution because the higher dimensional casmn be obtained
from G, or G3 by repeated di erentiation. In the two dimensional case the
de ning di erential equation is precisely Legendre's equi#on

1 u)QRu) 2uQ(u)+ ( +1)Q (w=0; (246)
all that we have to do is to adjust in terms of 2. Because we require the

solution to be singular atu = 1 the solution that we want is a Legendre
function of the second kind, calledQ . Indeed
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Gy(r; 2= ZiQ (coshr) : (247)

Here we must use

— 2 — 1 2 1 .
( +1)= , = 2+ +4. (248)
Since | do not wish to go into any discussion of special funetis|jand since
the three dimensional case can be solved with elementary @ions|l will
not discuss this solution for general values of?.

It is good to understand the case ? = 0 though, the more so because this
case will found to be of special interest later. An alternate way to get the
answer is then to use Gauss' theorem and place the boundarytibé volume
at constantr;

z z
1= dvaG= dA*PgD.G=2 sinhr@Gs(r) : (249)

In this way the geometry requires that

1Z

rodr
Gy(r;0) = >

sinhr :
The integral is elementary and the answer is

(250)

r 1 coshr+1 _

1
5 7 Moy 1- 2—Qo(coshr) ,  (251)

Gy(r;0) = Zilntanh
whereQq is a Legendre function of the second kind, as advertized. likd in
at space there are no infrared problems to worry about here.

The general solution whem = 3 can be found by a little experimentation,
starting from the 2 = 0 case which can be worked out using Gauss' theorem
as above. The answer can be expressed in terms of elementamycfions, as
advertized:

le P
4 sinhr
This is clearly reminiscent of the Green functions in at spee, but there
are some noteworthy di erences too. The \critical" value beow which the

Gs(r; %)= (252)
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oscillatory behaviour appears is2= 1 rather than zero (as in at space);
moreover in the range

1 2<0 (253)

both branches of the square root are consistent with exportel fall-o to
zero at in nity. On the other hand if we consider a function wih this fall-o
behaviour it will be square integrable onH?® only if we choose the nega-
tive sign in the exponent. We will have more to say about wherthis non-
uniqueness comes from later on. Meanwhile it is interestirtig con rm that
oscillatory solutions appear below 2= 1. If you remember the discussion
of plane waves on the Poincae disk you see that we can do so tiyoosing
half space coordinates and making the Ansatz

=x%: (254)

The solution is assumed to be constant on the horospheresdame must have
a complexs in order to get oscillatory solutions. The Helmholtz equatin is

4 =2 ) @+ @+@ x@ = ? (255)
and this leads to

q
s(s 2)= 2 | s=1 1+ 2: (256)
Our point has been proved.
The higher dimensional cases can again be found by repeate@mntia-
tion of G, and Gz if a minor complication is kept in mind; it is easy to show
that

Greo(U; 9= - @Gn(u; @) ; (257)

where the strength of the singularity has been properly adgted as well. The
complication is that 2 on the left hand side is not the same as® on the
right hand side. Taking this into account we nd the answer fo an arbitrary

even dimensiomn = 2p:

) 1 1 p 1
Gop(r: 9= > 5@  Q(coshr); (258)
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where

2
_ 1+ 24 (n 1)
2 4
And we also nd the answer for an arbitrary odd dimensiom =2p+ 1:

: (259)

o q__ 1
1 1 roo2 0 41)2

p 1
Gy (r; )= — 5 —=-—@ %e

4 2 sinhr (260)

sinhr

The remarks about the range of 2 and the two branches of the square root
can evidently be repeated.

Conformally coupled scalars

The discussion so far has revealed that it is the behaviour at nity that
has to be understood, and this is the kind of question that cahe clari ed
by going to the conformally compacti ed space. In general aotution to the
Helmholtz equation on the physical space will not correspdrto a solution of
the Helmholtz equation on the compacti ed space, but theresione exception
that is called the conformally coupled scalar. Consider thllowing natural
equation:

(4 kR) =0: (261)

Here R is the curvature scalar andk is some constant. Whatever the value
of k this will be the Laplace equation in at space; it can be derigd from
the action
z
s= Pgo.D? +k R): (262)

It can be shown that this action is invariant under the confomal rescalings

0o = b oW (263)
(wherew is called the conformal weight of the scalar eld) if and onlyf
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n 2 2 n
k = m and w = >
We adopt these values ok and w from now on; they de ne the conformally
coupled scalar. It follows that " will be a solution of our equation on the
conformally related space, given that is a solution on the space we started
out from. The calculation needed for the proof is simple, gan that (on a
space of dimensiom)

(264)

RO = SR@+ 5@ mrara+ L@ n(n 4y, r® ; (265)

where the original metric is used to raise and lower indices ¢he right hand
side.

Let us now specialize to hyperbolic space. With the normaéifon that
we have adopted the Riemann curvature scalar &f" is

R= n(n 1): (266)
Hence the equation for a conformally coupled scalar d#h" is
[
n(n 2)
4
Note that this implies that the conformally coupled scalar as

4 + =0 : (267)

2 = M ) 2+(n 1)2=1.

4 4
For reference, 2=0if n=2, ?= 34ifn=3and °= 2ifn=4.
Finally we observe that a Green function is a solution of thedmogeneous
equation except at the source and observation points. For aomformally
coupled scalar it must therefore be true that

(268)

N

G(1;2)= “(1)G(L;2) “(2); (269)

where G is the Green function in a space that is conformally relatedot
another space where the Green function iS. In particular this means that
for the special value of ? given above the Green function in hyperbolic space
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can be computed in terms of the massless Green function in apace, which
iS nice.

The conformally coupled scalar od"

The Green functionG of the conformally coupled scalar ofi" can evidently
be derived from the Green functiorGE of the Laplacian on the conformally
related spaceE". The metric onH" is in stereographic coordinates

o 2
Ob= *an= 1 2 (270)
What we must keep in mind is that we are no longer interested irat space
Green functions that vanish at in nity; in nity in H" now corresponds to
the hypersurface =1, that is to say to the surface of the unit sphere irg".
For the comparison with our previous results we just have toemember
that the radial coordinate is related to the geodesic distancd (that is r)
from the origin by

d r
= tanh 5= tanh 5 (271)

If we want to express the answer in embedding coordinates wseu

,_coshr 1 _ X3 Xp+1 _ (X1 Xp)?,
Ccoshr+1 X3 X, 1 (Xi+ Xp)2°

We can now solve for the Green function in our favourite dimesions. In
two dimensions the conformal weight of the conformally colgd scalar is
zero, so the Green functions on two conformally related spes are in fact
equallno rescaling is needed. If we require the at space Gren function to
vanish at the boundary (so that the solutions are determinedby Dirichlet
conditions on the conformal boundary) we obtain irH ?

(272)

1 1
G2(1;2) = G5(1;2) = 2—In +constant = —— Intanhré ; (273)

where the constant was adjusted so that
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G5( =1)=0 : (274)

To solve for the Green function inH 2 is the same problem as that of solving
for the Green function in a box in at space, that is why no infared problems
occur.

When n > 2 the at space Green function that we need for Dirichlet
boundary conditions is

!
1 1
G5( =1)=0 ) GE= oA hE L @

where A, 1 is the area ofS" *. The conformal weight of the scalar isv =
(2 n)=2, so the Green function in hyperbolic space is

l'n 2
2 T2 £ n2 22 n ) n2l n 2 .
1 2 G,()27 = n A, 2)An1(1 )T —5
(276)
It can be shown that this agrees with our previous solution wén the appro-
priate conformal value of ? is inserted in the latter. The solution is unique
S0 as yet there is no trace of the mysterious \second branchf non-square
integrable solutions.
Let us specialize ton = 3 to simplify matters a bit. Now we can, if we
like, contemplate more general boundary conditions d@s in at space, such
as

Gn( )=

GE = T - k ) GE( =1)=constant : (277)

We get a Green function for all values of the constark, although it vanishes
at the boundary only if Kk = 1. When expressed in terms of the Green
function becomes

1+k e 1 kez

8 sinhr 8 sinhr ’
This is a linear combination of the two solutions that we foud earlier. From
our discussion of the boundary value problem in general weesthat if the

Ga(r) =

(278)
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Green function does not vanish on the boundary|and its norma derivative
neither|then we are dealing with a mixed boundary value probdem in the
conformally compacti ed space. The uniqueness of the Dihtet problem is
gone, but otherwise there is nothing wrong with itjand our argument for
unigueness is gone anyway sincé < 0.

Having understood why the Dirichlet casek = 1 is not unique, we
return to it and contemplate the Green function in embeddingcoordinates.
A straightforward calculation shows that

0 1
Gs(1i2)= - Ga—0rt LA (19
4 (X1 X2)? (X1+ X2)?

This expression highlights an interesting fact: The seconérm here is regu-
lar everywhere orH 2 and it is in fact a solution to the homogeneous equation
(as one readily checks); hence it can be added to the Green dtian with
an arbitrary coe cent. It is singular when X, = X, that is if (say) the
observation point is inH?3 and the source point is on the other, discarded,
sheet of the hyperboloid in embedding space. It can be thougsf as an \im-
age charge" that is added outside our space to ensure the @t behaviour
at the boundary. In fact this interpretation is exactly right. By means of a
few manipulations we can bring the Green function (for the Dichlet case
say, and with the source and observation points at arbitraryposition) to the
form

£

g — q

G(1;2)=2 ' 1 3G5(L2) 1 3, (280)
where the Green function in Euclidean space is
0 1
1 1 1
G5(1;2)= — 0. A (281)

4 X1 X ] 2X1 %ij

This is the Green function for the Laplacian in at space inalding an image
charge that ensures that the Green function vanishes on thei sphere|the
exterior of the unit sphere is conformally related to the disarded sheet of
the hyperboloid, so it checks.

The story is similar if n 6 3. For reference we give the (particularly ap-
pealing and simple) Green function for the conformally cougd scalar with
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Dirichlet conditions imposed on the boundary of the conforally compacti-
ed space whenn = 4, expressed rst in terms of the variableu = coshr and
then in embedding coordinates:

1 1 1 1
+ =

1 1
— — +
82 u 1 u+1 42 (X1 X2 (Xi+ X,)?

G4:

(282)
And our understanding of Green functions orH" is as complete as we care
to make it.

Flat spacetime

The main di erence between the Euclidean and the Lorentziagase is that
there is a whole zoo of Green functions in the latter. This coes about be-
cause there are homogeneous solutions of a hyperbolic egquatand given a
Green function we obtain another by adding a solution to the éimogeneous
equation. On the other hand the only solution of the homogemis Laplace
equation (given that we have imposed suitable boundary coitidns at in n-
ity) is zero, which means that the Euclidean Green functionsiunique. Now
we are interested in the situation where the Lorentzian spaccan be reached
from a space with positive de nite metric through analytic ©ntinuation. The
analytic continuation will then give rise to a Lorentzian Geen function that
is distinguished in the sense that it arises as the analytioatinuation of the
Euclidean Green function. To be precise about it, supposedh

t= ite (283)

wheretg is the Euclidean "time", and let Gg be the Green function of the
Laplacian. Then the Feynman propagator

G (x;t) = iIGE(x;it) (284)
is a Green function of the wave equation. By construction isianalytic in the
second and fourth quadrant of the complex-plane. Other Green functions
have other analyticity properties, for instance the retardd Green function
can be de ned as that Green function which is analytic in thedwer complex
t-plane.
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Since Minkowski space is isotropic the Green functions arenictions of

=g XX (285)

only (where we assume that the origin of the coordinate systehas been
place at the source point). What is new compared to the Euclehn case
is that can take negative values. Moreover it will vanish whenevehe
separation between the source and observation points isHtke, and this
means that the Green function will be singular there. The psence of these
singularities resolves a puzzle: Since the Euclidean Grekmction is real
it would seem that the Feynman propagator must be imaginaryand then
it is dicult to see how it can be the Green function of a real egation.
The resolution is that the combination of its analyticity properties and its
singularities will force it to develop a real part. (The meaimg of this mystical
statement will be clear in the examples.)

The Feynman propagator is by construction analytic in the seond and
fourth quadrant of the complext-plane. Moving the singularities o the real
axis by adding an in nitesimal imaginary part to t we nd

x?2 (t sgn@)i0)®>= x> t>+i0= +i0: (286)

(The "i0" notation keeps track of the analyticity properties.) Heme we
can just as well say that the Feynman propagator is de ned ashat Green
function that is analytic in the upper complex -plane.

Let us now split the Feynman propagator into real and imaging parts:

GF =G+ IEG(” : (287)

The parts are called the symmetric Green function and Hadamais elemen-
tary function, respectively. The latter is a solution of thehomogeneous wave
equation. Other well known Green functions can be derived byultiplying
with suitable step functions. Thus the retarded Green funaobn is

GR=2 ()G; (288)

and the commutator Green function is

G=2 (1)G: (289)
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Recall that|despite its quantum eld theoretical name|the  properties of
the commutator Green function is of crucial importance forausal propaga-
tion in classical eld theory as well. Consider the Cauchy mblem

(x;0) = u(x) @ (x;1) = v(x) (290)

(initial data chosen on the spatial hypersurfaceé = 0, say). Then there is a
unique solution of the Klein-Gordon equation given by
z

(= dXI@GE;xu(x)  GOGxIv(xY) : (291)

Physical e ects will therefore propagate in a causal mannaf and only if
the commutator Green function vanishes outside the lightew. We will see
that this is true for the Klein-Gordon equation; there is theadded bene t
that the step functions do not disturb the Lorentz invarian@ of these Green
functions.

The simplest illustration of the general discussion is praded by the wave
equation in four dimensions. Place the origin at the sourceomt, and de ne

=g X X : (292)
Then

[ 1 1 i1

Gj= ————= — — = 293
4 42 +i0 4 () 4 2 (293)

The singularities are poles, and the support dg|and hence of the commu-

tator and retarded Green functions|is not only vanishing outside the light

cone, it is actually con ned to the light cone. The massive Kin-Gordon

equation has

GE(im)=i65(" )= TEH(m” ) (294)
If we expand this expression in the vicinity of the singulaty at =0 we nd
that there is a logarithmic singularity in addition to the pole. The logarithm
is a multi-valued function; to handle this we place a branchut along the
negative real -axis that is then approached from above, in accordance with
the analyticity properties of the Feynman propagator. To m&e a long story
short the crucial step is
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Inj j
In( )= (295)
Inj j+i
depending on whether the interval is timelike or spacelikeThe nal result
is

m?2 1 m?2
4 —_- _— —_— —
Ge( )= 4() 82( )2+224+
(296)
[
1 1+ m?2 nj j+
42 162

This time the real part has support inside as well as on the Ig cone.

The situation in odd dimensions provides an interesting ctrast. For the
"massless” wave equation

[
4
Just like the massive propagator in four dimensions this Faynan propaga-
tor has a branch cut along the negative real axis, and the supp of the
commutator and retarded Green functions extends into thedht cone.

From a practical point of view it makes a lot of di erence wheher the
support of the commutator Green function extends into the ght cone or
not. If the support is con ned to the light cone the result is hat the e ect
of a sharply localized disturbance in the eld will be seen a& distinct ash,
or heard as a distinct sound if we are considering the characistic cone of
a sound wave. If the support extends into the cone e ects willring on"
for a considerable time, just like the waves on the two dimemsal surface
of a lake into which a stone has been thrown. Therefore talk igossible
in a 3+1 dimensional spacetime, but not in a 2+1 dimensionalre. The
property that the support is con ned to the characteristic ®ne is sometimes
called "Huygens' principle in its strong form". It could al® be taken as the
de nition of "massless”, in which case there are no masslessds in odd
dimensional spacetimes.

GE = 91: ; (297)

82



The conformally coupled scalar iradS,

When we go from Minkowski space to anti-de Sitter space thregsues arise:
Anti-de Sitter space has closed timelike curves, it is not gbally hyperbolic
(there is no Cauchy hypersurface), and it is not geodesicaltonvex (there are
pairs of points in that cannot be connected by geodesics). &hrst issue can
be avoided by going to the universal covering space, but onancalways ask
whether it is necessary to do so. To deal with the second issue have to take
account of the possibility that in uences may enter spacetne from spatial
in nity, or else we may try to formulate boundary conditions that explicitly
forbid this. The third issue means that the geodesic distaecbetween two
points may not exist, so that the Green function certainly canot quite be a
function of geodesic distance only. Actually they will be foctions of

u= X; Xs: (298)

However, the range of this variable will be over all the realumbers. There
will then be three cases:

u>1 ) u=coshd; dspacelike distance
ju<1l ) u=cosd; dtimelike distance (299)
u<l ) geodesic distance unde ned

An obvious question is: Should the Green function be zero whe < 1?

It is advisable to begin our anti-de Sitter deliberations bya discussion of
the conformally coupled scalar iladS, since this ought to behave like the
massless scalar in Minkowski spaceland if so it is a particidrly simple case.
The Feynman propagator obtained by analytical continuatia from H# (with
Dirichlet conditions on the boundary) is

|

i 1 N 1
42 (X1 X222 (Xp+ Xy)?
Remarkably there are two singular points inside anti-de S#r space, given
by

Gt = (300)

X, = X, (301)



Compared to hyperbolic space, what has happened is that therage charge™
has moved into spacetime. Indeed this is what one can expecorh the
geometry of anti-de Sitter space. Timelike geodesics emiaig from the rst
of the singular points will reconverge at the second. So wiigjhtlike geodesics
provided that they are re ected by J, and then a second singularity in the
Green function there is unavoidable. Because of the tempadieriodicity of
the Green function the closed timelike curves in anti-de Sdr space pose no
problem; if we nevertheless decide to work in covering spase have to use
some coordinate system that allows us to do so and we will ndhat there
are an in nite number of periodically recurring singulariies, not just two of
them.

The analyticity properties of the Feynman propagator must b discussed
with some care. The propagator should be analytic in the sew and fourth
guadrant of complex sausage time. Alternatively let the saae point be at
U =1, V =0, and continue analytically in the coordinates for the obsrva-
tion points according to

V= Ve (302)

We move the pole o the real axis according to

VI V sgrvio: (303)
Then we nd that

(X1 X2)2=2u 2+i0: (304)

The Green function must therefore be analytic in the uppeu half plane.
Since the singularities are poles the real part of the Feynmgpropagator is
found to be

1 1
Gy = YR (X1 Xp)? 1 (X1+ Xp)* (305)
The support of this Green function|and hence of the commutator and re-
tarded Green functions|is con ned to the light cone, so Huygens' principle

holds in its strong form. In particular the commutator Greenfunction is

G4 =~(1)Gs ; ~t) = sgn(sint) ; (306)
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wheret is the sausage time. An analysis of the commutator Green furan
con rms our intuition of how the signal behaves: It emergesdm the singular
point X, = X, (say), reaches J, and then bounces back and reaches the
second singular point along its backwards light cone. Sintkee singularities
are of equal strength the entire signal is re ected|nothing comes in from
across the boundary.

To clarify what goes on at J it is instructive to study the Green functions
of the conformally coupled scalar oradS in the conformally compacti ed
spacel|in this case on "one half" of the Einstein universe whee J can be
regarded as an ordinary timelike hypersurface. Choose sage coordinates
to describe anti-de Sitter space. The metrig. in the Einstein universe is
related to the anti-de Sitter metric g, through

1 2
- 2 . — .
Gab = “Gab ; = I3z (307)

The Green function@ in the Einstein universe is

G(12)=  '(1G(L2) Y2): (308)
We place the origint = = 0 at the source point, and then we nd
1 2 1

(X1 Xp?2= 2 =

1+ 2 cost : (309)

Let us concentrate on the Hadamard function that solves thedmogeneous
wave equation. As a result of a minor calculation we get

w- 1 1 1 :

GY = 4 2 cost+ cost ' (310)
Interestingly this vanishes at J, where = 0. In e ect we have imposed
Dirichlet conditions at the boundary, which explains why tlke signal came
bouncing back from there.

In the hyperbolic case we were able to choose between varitwasindary
conditions at the conformal boundary, and this is the case heas well. The
di erence is that changing the boundary conditions at J will change the
strength of the singularity at the image pointjand this make s a di erence
because the image point is situated insidadS. Speci cally, consider
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o [ 1 k _

Ca = 42 (X1 X2 (Xp+Xp)? (311)
Clearly the casesk = 1 are singled out by the requirement that the two
singularities should have the same strength|if this is not the case we must
conclude that the signal is not re ected in its entirety at J , rather in uences
are entering or leaving spacetime there. In the conformalkelated Einstein
universe we nd that the Hadamard function becomes

|

1 1 k
G0 = _— + ; 312
4 2 cost+ cost (312)

There are two choices of boundary conditions that are totall re ective:
Dirichlet conditions

2 =0 ) k= 1 (313)

and Neumann conditions

@69 =0 ) k=1: (314)

This is not to say that other choices are inconsistent. Indeeif we take the
point of view that we want to study radiation entering or leavng spacetime
the totally re ective boundary conditions must be avoided. On the other
hand if we really want to stay inadS with its closed timelike curves (rather
than going to its covering space) then the re ective boundarconditions are
necessary.

General anti-de Sitter Green functions in four dimensions

The conformally coupled scalar is the analogue of masslesdds in Minkowski
space. In four dimensions we were able to avoid the questiohwhat the

lack of geodesic convexity means for the Green functionspse the support of
the commutator Green function was con ned to the light cone iad therefore
does not extend into the region that is separated by a spadadidistance from
the position of the image charge. For massive elds on the ath hand this
issue has to be faced squarely. It is clear that if the suppoektends into this
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Figure 9: Some supports for the commutator Green function. a: A masslgs scalar
with re ective boundary conditions. b: A generic massless salar. c: A massive
scalar for special values of 2. d: A generic massive scalar.

region then the conclusion must be that the radiation is leakg out through
J, and if we want to stay in anti-de Sitter space (with its close timelike
curves) this must be avoided.

It turns out that the precise value of 2 is crucial here. There are three
interesting ranges for the variableu: When u > 1 the geodesic distance
between the observation point and the "original” source pat is spacelike,
when juj < 1 it is timelike, and whenu < 1 the two points cannot be
connected by any geodesic. The question is whether the Grefmction is
necessarily zero also in this third region. The Feynman pragator for a
massive scalar eld is

Gi( 9= ;5@ (315)

The parameter was given as a function of 2 when we discussed its ana-
lytical continuation in H4, and u is as usual. The Legendre functions are
singular atu = 1 and there is a branch cut along the real axis between the
singular points. A detailed analysis shows that the supporf the real part
extends into the region where

1 u 1; (316)

that is to say into those regions ofidS that can be connected to the source
point by means of timelike geodesics, so that the formula
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cosd = u (317)

makes sense. This is as expected for a massive eld. Gendlyctne support
also extends into the region wheres < 1, which means that radiation is
leaking out of spacetime. However, it can be shown that for spial (\quan-
tized") values of ? this does not happen. It follows that these special values
of the mass must be adopted in anti-de Sitter space proper. Bhis in agree-
ment with what one would expect from group theory|since the mass has to
do with the eigenvalue of the Killing vectorJyy (that generates time transla-
tions) and since this generates a compact subgroup $0(3; 2) we do expect
a quantization of mass to occur. On the other hand the relevamgroup for
the universal covering space is the non-compact group of t@riranslations,
and the range of allowed 2 should be continuous. Unfortunately the details
are an exercise in special functions.

Green functions inadS;

It is more instructive to discuss Green functions imdS; where we do not have
to delve into the Bateman manuscript|we know that the Green function on
H 3 can be expressed with elementary functions. By analytic ctimuation of
the (Dirichlet) Green function on H3, we get the Feynman propagator

i e 2+1
4 sinh
This is for spacelike geodesic distances Using our variableu we get for
source and observation points in general position that

Gi(; 9= (318)

.2y — I 1 1 .
G = —p— p—— 1
T L T )

Now the function

p
u? 1= u 1 u+1 (320)
has branch points at

u= 1: (321)
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There is a branch cut in between. Since we require analytigiin the upper
half plane it is real and positive to the right of the cut, and eal and negative
to the left. Along the cut it is imaginary. If we set

q

24127 (322)

there are no further complications. The Feynman propagatowill develop
a real part only in the regionjuj < 1, and the support properties of the
commutator Green function will be the same as that advertizkfor special
values of 2 in adS,. On the other hand the conformally coupled scalar has

2+1= 1 ; (323)
2
and in this case the support of the commutator Green functiomwill extend
into the regionu < 1.
These matters can be further clari ed by a study of the represntation

theory of the anti-de Sitter groups, but our story ends here.
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