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Anti-de Sitter spaceis the maximally symmetric solution of Einstein's equa-
tions with an attractive cosmologicalconstart included; in reality the cos-
mological constart is certainly not attractiv e, but it is possibleto regard it
merely as a kind of regularisation of the long-distancebehaviour of gravity.
The conformal boundary of asymptotically anti-de Sitter spacedi ers dra-
matically from that of asymptotically at spacetimesand this featureis usu-
ally crucial wheneer anti-de Sitter spaceappearsin mathematical physics.
Notable examplesare Friedrich's treatment of isolated systemsin GR, the
BTZ blac holes,and alsovarious studiesin supersymmetry and string the-
ory. (One can probably prove a theoremto the e ect that string theory has
an ergadic property that will make it comearbitrarily closeto any point in
idea space,if onewaits long enough.)

This coursewas meart as a leisurely introduction to the geometry of
anti-de Sitter space.The cortents became:

Quadric surfaces
Hyperbolic spaces
Anti-de Sitter space
Asymptotia

Greenfunctions

| am sorry that the pictures were not computerized. Some of them were
exercisesanyway.!

INote added in 2009: Over the years, | have added a few pictures, but not enough.
Those | did add are old ones.



QUADRIC SURFACES

Our spaces

Anti-de Sitter spacebelongsto a wide classof homogeneouspaceghat can
be de ned as quadric surfacesin at vector spaces. Since every quadratic
form can be diagonalizedover the reals, only diagonal quadricsneedbe con-
sidered. The signature is relevant howewer. Everybody knows that the n
dimensionalsphereS" can be de ned asthe positive de nite quadric

X{+ o+ Xh, = R? (1)

embeddedin an Euclideann + 1 dimensionalspace. A spherehas constan
positive curvature proportional to the inverseof R?. We will almost always
setthe constart R and its analoguefor other quadricsequalto onefrom now
on, thus making the letter R available for other purposes. It is newerthe-
lessworthwhile to remenber that, unlike at spaces,spaceswith non-zero
constart curvature have a natural length scale. As Gauss once wistfully
remarked: "I have sometimesin jest expressedhe wish that Euclidean ge-
ometry is not true. For then we would have an absolute a priori unit of
measuremen"

There are n(n + 1)=2 Killing vectorsin the embedding spacethat leave
the sphereinvariant, namely

J =X @ X @: (2)

Theseare the Killing vectors of the sphere,and they generatethe rotation
group SO(n + 1). Given two points on the sphereit is always possibleto
go from oneto the other along integral curves of someKilling vector eld,
which is why the sphereis said to be a homogeneouspace.

Now supposewe changea signin the quadric sothat it becomesa hyper-
boloid rather than a sphere:

X2+ @+ X2 U= 1 (3)

Becausewe alsochangedthe signon the right hand sidethis is a hyperboloid
of two sheets.Just by looking at it it is clearthat we have obtained a space



Figure 1. The sphereand the hyperbolic plane.

whose curvature is not constart. Although it is straightforward to write
down n(n + 1)=2 vector elds that leave it invariant, someof them fail to be
Killing vectorswith respect to the metric induced by the embedding. To be
precise,this is the casefor the n vector elds

Ju = Xi@ + U@; (4)

wherethe indexi runs from 1 to n. Howeer, let us alsochangea signin the
metric on the enmbedding spacesothat it becomesa at Minkowski space:

ds? = dXZ+ 1 +dX? dU?: (5)

This metric is left invariant by all of the n(n+ 1)=2 transformationsthat leave
the hyperboloid invariant, and it follows that their generatorsare Killing
vectorsof the inducedmetric on the hyperboloid aswell. The groupthat they
generateis SO(n; 1), which is the group of Lorentz transformationsin the
embedding space.Becauseof the way the quadric sits inside the Minkowski
spacethe intrinsic metric inducedon it hasEuclideansignature,and because
it is now a maximally symmetric spaceits curvature is necessarilyconstart
and turns out to have a negative sign. We de ne hyperbolic spaceH" asthe
upper sheetof sud a hyperboloid.
If we considera one sheetedhyperboloid

X2+ o+ X2 X2,=1 (6)



Figure 2: Anti-de Sitter space.

again embedded in Minkowski spacewe obtain a spacewith a Lorentzian
metric of constart curvature. This is known as de Sitter spacedS,,.

To obtain anti-de Sitter spacewe changethe rules yet again. Anti-de
Sitter spaceadS, is de ned asthe quadric

Xf+ i+ X2, UP vi= 1 (7)

embeddedin a at n+ 1 dimensionalspacewith the metric

ds? = dXZ+ = +dX2, dU? dv?: (8)

We can draw a picture of a two dimensionalanti-de Sitter space,which is a
hyperboloid of one sheetembeddedin a three dimensionalMinkowski space.
It is (at leastalmost) evidert from the picture that the intrinsic metric will

have Lorentzian signature. The curve that goes around the waist of the
hyperboloid is a closedtimelike curve. This is not so important, sincewe
can always "unwrap" the hyperboloid by going to the covering space. Note
that in 1 + 1 dimensionswe can always switch the meaningof timelike and
spacelile. Then we obtain de Sitter spacedS,, that hasa closedspacebut

no closedtimelike curves. In generalthe topology of adS,, isR" * S! and
the topology of dS,, isS" ! R, sothat it is only in two dimensionsthat de



Sitter spaceand arnti-de Sitter spaceare thus simply related. Note alsothat,

appearanceotwithstanding, there is nothing special about the waist, since
adS,, is in fact a homogeneouspacehaving n(n + 1)=2 Killing vectorsthat

generatethe group SO(n  1;2). The waist looks specialin the picture only
becausevhenlooking at the picture onetendsto interpret the hyperboloid as
a surfacein an Euclideanspace whereasn fact it is a surfacein a Minkowski
space.

Geodesics

As you may have noticed, the enbedding coordinatesare not very helpful for
visualisation. Nor is the e ort worthwhile sincethere are alternative intrinsic
parametrisationsthat are much better in this regard. On the other hand the
embedding coordinatesdo tend to simplify almost every calculation that one
may want to do. As an example of this, considergealesics. Let us think
about anti-de Sitter spacefor de niteness, and usethe notation

X =(X;Y;,Z;U;V) X =(X;Y;Z; U; V) )

X2=X X X1 Xp= XXy - (10)

Using an overdot to denotea derivative we then take the Lagrangian

L:%)L2+ (X2+1): (11)
The Lagrange multiplier term ensuresthat the gealesicis con ned to the
hyperboloid. We obsene that there is a consened tensor

k =X X X X : (12)
It obeys

k k = 2X2 ki k 1=0: (13)

It is easyto shawv cornverselythat given an anti-symmetric tensor obeying
the latter condition there will be a gealesicwhich will be timelike, spacelile
or lightlik e depending on the valueof k k . Further,



k X =X k X = X2X ) X =X2X : (14

SinceX? is a consered quartity it is easyto solwe this equation. In partic-
ular, for a lightlik e geaesicit is assimple asit could be:

X =0: (15)
Hencelightlik e gealesicsappearasstraight linesin the embeddingspace.The
existenceof two sud straight linesthrough any givenpoint in the hyperboloid
of onesheet(such asadS,) is a surprising fact discoreredby Sir Christopher
Wren. The generalsolution for a spacelile gealesicis

P2 P=
X =me * +ne * ; (16)

wherem andn areconstarn vectorsthat obey

m?=n?=0 2m n= 1; (17)

and we have usedthe fact that X2 is constart alonga geadesic. With minor
changesthis formula givesthe generalsolution for a timelike gealesicaswell.

We can useour formula to compute the gealesicdistanced betweenany
two points, that is to say the length of a gealesicconnectingthe points. For
a spacelile gealesic(say) we nd that

P P
X(1) X(2)=m n(e X1 24+ Xz 1)) (18)

But @( 2 1) iIsthe integral of ds alonga connectinggealesic,hencethis
product is equalto d. Thereforewe nd for the gealesicdistance between
two points with spacelile separationthat (in an obvious notation)

coshd= X; X5: (29)
In a similar way we nd for the gealesicdistancethat can be connectedby
a timelike gealesicthat

cosd= X; X,: (20)

Note that it can happenthat X; X, > 1. If so,it is not possibleto connect
the pair of points with a gealesic.



The gedalesictrajectoriesin adS, canbe visualizedwith very little e ort.
Let us switch the meaningof spaceand time and considertwo dimensional
de Sitter spaceinstead, becauseboth dS, and H? can be embeddedin three
dimensionalMink owski space sothat we cantreat both casesimultaneously
We set

X = (X;Y;U) (21)

and obsene that we now have a consered vector

k = X X (22)

which obeys

k X=0: (23)

The trajectory of a geaesicin dS, is therefore given by the intersection of
the hyperboloid with a plane through the origin, and it will be a lightlik e,
timelike or spacelile gealesicsdepending on how the plane is situated. In

particular it is now eviden that all spacelile gealesics|all timelike gealesics
in adS,|that start out from a givenpoint will cometogetheragainin a point

that lieshalfway aroundthe hyperboloid, andit is alsoevidert that there will

be points "on the other side" of the hyperboloid that cannot be connected
with a given point by meansof a gealesic. For the hyperbolic plane there is
of courseonly one kind of gealesics,sincewe must demandthat the vector
k be spacelile to ensurethat the plane meetsthe hyperboloid.

The two dimensionalpicture generalizesnicely. Let us rst de ne totally
gedaesicsurfaces(or submanifolds,if their dimensionis larger than two): A
totally geaesicsurfaceis a surfacesud that any gealesicthat is tangert to
the surfaceat a point stays in the surface,or|whic h is the samething|a
surfacesud that any curve in the surfacewhich is a gealesicwith respectto
the induced metric on the surfaceis alsoa gealesicin the spacein which the
surfaceis embedded. One can show that a surface(or submanifold) is totally
gedesicif and only if its extrinsic curvature tensorlits secondfundamertal
form|v anishes. In a at spacetimeit is obvious that any hyperplane is
totally gedalesic.

In a spacetimewhich is de ned asa quadricin a at embeddingspaceany
intersection of that quadric with a hyperplanethrough the orgin in the at



embedding spaceis totally gealesic,sowe get a rich supply of sud surfaces
without e ort. The point to remenber is that in anti-de Sitter spaceany
surfaceof the form

aX=0 (24)

is totally geadesic. Totally gealesic surfaceshave the corveniert property
that the intersection of two sud surfacesis itself totally gealesic. A one
dimensionalintersection of totally gealesicsurfacesis a gealesic.

Projective quadrics

Now we have de ned anti-de Sitter spaceand its cousinsasquadric surfacesn
at vector spacesand we have usedthis descriptionto solwe for the Killing
vectors and the gealesics. But we have so far said nothing about their
properties nearin nit y, wherethe enmbedding coordinates break down. This
brings us to the conformal properties of these spaces,and the appropriate
arenain which to understandtheseturns out to be a projective space.Let us
stick to the two dimensionalcasefor simplicity. There are then three spaces
of constart curvature to be understood, namely S?2, E? and H2. The sphere
canin fact be regardedasa null quadric in projective three-spacewhile the
Euclideanand hyperbolic planesare subsetsof the samequadric. To seethis,
recallthat RP ® canbe de ned by meansof homogeneousoordinatesin R*;
thus a point in RP 2 is de ned by

X;Y;Z;0) (X3 Y;Z;U) 60: (25)

Hereit is understood that quadruplesof coordinatesthat di er by a common
factor represen the samepoint in RP 3. Geometrically the projective points
are represeted as straight lines through the origin in R*. Now considerthe
null cone

X2+Y2+72 U?=0: (26)

Since this equation is homogeneousn the coordinatesit is a well de ned
surfacein RP 3. Our claim is that this surfaceis related to the spacesthat
we wish to study.



In e ect we are studying the spaceof generatorsof the light conein
Minkowski space. To understandits topology we take its intersection with
the spacelile plane de ned by

U=1: (27)

It is clearthat every generatorof the light conecuts this plane exactly one,
and it is also clear that the intersection has the topology of a two-sphere,
sinceit is given by the equation

X2+ VY2+272=1: (28)

The claim sofar is that the spaceof generatorsof the light conein Minkowski
spacehasthe topology of a sphere.
Alternativ ely we can intersectthe light conewith a timelike plane, say

Z=1: (29)

The intersectionis now given by a two sheetedhyperboloid in a three dimen-
sional space,namely

X2+Y%2 U?= 1: (30)

Topologically this is two copiesof the hyperbolic plane. But now we are
missing all the generatorsthat lie in the plane Z = 0, correspnding to an
equatoron the sphere.Finally we canintersectthe light conewith alightlik e
plane, sut as

U=2Z+1: (31)

All the generatorsexceptthe onegiven by U = Z intersectthis plane. The
intersection of the plane with the quadric can be coordinatizedby X and Y,
which are unrestricted because

X2+Y2 (Zz+U)U Z2)=0 ) X2+Y2=7+U: (32)
Topologically this is a two dimensionalplane. This time we are missingonly

onegenerator,sothat in somesensehe planeis a spherewith onepoint|the
point "at in nit y"|missing. The missing point is known as the conformal
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boundary of E?; similarly the conformal boundary of H? is the missingcir-
cle of generatorsin the plane Z = 0. The conformal compacti cation of a
given spaceincludesits conformal boundary, which meansthat the confor-
mal compacti cation of the Euclidean planeis a spherewhile the conformal
compacti cation of the hyperbolic planeis a closeddisk. As we will seelater
on the discrepancybetweenthe two casesis the key to understanding the
di erence betweenEuclidean and hyperbolic geometry

Conformal properties

We have explainedhow S?, H? and E? are related as sets, but we have said
nothing about metric properties. Now the null quadric is invariant under the
group SO(3;1) and thereforeit singlesout a natural metric in R4, namely
the SO(3; 1) invariant Minkowski metric
ds? = dX2+ dY?+ dz? du?: (33)
The embeddingsthen induce metrics on the various intersectionsthat we
considered. The result is preciselythe standard metrics on S?, H? and E2.
There is however some arbitrariness involved in this de nition, since the
selectionof the variousplaneswasarbitrary to someextent. Let usconsiderin
moredetail what kind of metricsthat we cande ne onthe spaceof generators
in this manner. We introduce sphericalpolar coordinates
X = Rsin cos Y = Rsin sin Z = Rcos : (34)
The Minkowski metric becomes
ds? = dR?+ R?(d %+ sin* d 2) dU?: (35)

The equationthat de nes the lightcone takesthe form

R? U?=0: (36)
Thereforethe metric that is induced on the light coneby the enbeddingis

ds? = R%(d 2+ sir® d 2) : (37)

10



This metric is degenerateon the three dimensionallightcone, which is at it
should be sincedistancesmeasuredalong the generatorsvanish. However, if
the factor R? were xed in someway we could chooseto regard this metric
asa metric on the two dimensionalspaceof the generators,as parametrized
by the angular coordinates. As sud it is a non-degeneratemetric and in
fact it is a metric on a sphere. If we selectonerepresetativ e point on eat
generatorthrough the condition U = 1 the factor R? becomesequalto unity
and we obtain the standard "round" metric.

The point now is that there is nothing sacredabout the condition U = 1.
All that is neededto selectone represetative point on eah generatoris
to intersect the light conewith somespacelile plane lying above (say) the
origin. Therefore we can consideran ertire family of conditions, eat of
which breaksthe SO(1,3)invariance, given by

u=+(.,) ) R=(;): (38)

If dap IS the metric on the spaceof generatorsthat is obtained through the
choiceU = 1, we get a new metric @5, that obeys

Oab = 2gab : (39)

The factor in front is called a conformal factor, the metrics are said to be
conformally related to ead other, and changing the conformal factor of a
metric is known asa conformalrescaling. An equivalenceclassof conformally
related metrics is known as a conformal structure, and we can therefore
concludethat it is only the conformal structure on the spaceof generators
that is de ned naturally by the metric on R*. Indeed the metrics on S?,
H2 and E? are related by conformal rescalings.(This is a trivialit y sinceit
happensto be true for all two dimensionalspacesput we can make the same
statemert for S, H3 and E3, and then it is non-trivial.)

Let us newerthelesssettle for the standard round metric on S?, that is
to say let us intersect the lightcone with the plane U = 1. The natural
invariance group that acts in the problem is the group of Lorentz transfor-
mations in R*. A Lorentz transformation maps generatorsof the lightcone
to other generators,and hencepoints of S? to other points. If the Lorentz
transformation is a boost it will also changethe spacelile planeU = 1 to
someother spacelile plane, and therefore the correspnding transformation
of S? must be accompaniedby a conformal rescalingof the metric leaving

11



its conformal structure unchanged. The group of transformations of a two
dimensionalspacethat presene a given conformal structure is known asthe
conformal group C(2), sothat in e ect we have proved that

C(2) = SOu(3:1) : (40)

The subscript denotesthe connectedcomponert of the group. The termi-
nology is a possiblesourceof confusionhere: A conformal transformation
is a map from points to other points that is either an isometry or an isom-
etry accompaniedby a conformal rescaling|it is a very di erent concept
from that of a conformal rescalingalone. A conformal transformation is a
di eomorphism, while a conformal rescalingis not.

An in nitesimal conformaltransformation takesplacealonga vector eld

that obeysthe equation

Lg = g ; (41)

whereL denotesthe Lie derivative and is somescalarfunction. The vector
eld is called a conformal Killing vector. The two-sphereadmits six lin-
ear independen conformal Killing vectorsthat generatethe Lorentz group
SO(3;1). It is easyto show that|lo cally|t wo conformally related spaces
admit the samenumber of conformal Killing vectors,although a vector eld
that generatesan isometry in the one casemay be accompaniedby a con-
formal rescalingin the other. Newerthelessthe conformal group doesnot act
on E? or H? becauseof global problems. In the caseof the Euclidean plane
this is easilyremedied: From the point of view of the projective quadricit is
evidert that the problemis that there are Lorentz transformationsthat map
a given generatorto the "missing generator" that is parallell to the light-
like plane usedto selectE2. CorverselysomeLorentz transformations map
the missing generatorinto E2. Hencethe conformal group does act on the
conformal completion of E2, that is to say on E? with the missinggenerator
addedasa point at in nit y. In the caseof H? more elaborate measuresvould
be required to achieve the sameend.

There is nothing in the discussionso far that is special to two dimen-
sions. Hencewe can say immediately that the connectedcomponert of the
conformal group C(p;qg) of a spaceof constart curvature with a metric of
signature (p;q) is isomorphicto SOy(p+ 1;q+ 1). As a matter of fact there
are somequite special featuresconnectedwith conformaltransformationsin

12



two dimensions;we will return to those. We will alsolbrie y|return to
discussthe topology of the conformal completion of Minkowski space,which
is a bit more elaborate than that of a sphere.

Exercises

A sphereis moving pastyou at relativistic speed. Shaw that pace length
cortraction it looks like a sphere.

13



HYPERBOLIC GEOMETR Y

Advertisement

Hyperbolic geometryis of interest to us becauseanti-de Sitter spacepermits
a natural foliation by meansof hyperbolic spacesbecauséyperbolic spaceis
the natural analytic cortinuation of anti-de Sitter space,and becauseof the
light it shedson the importanceof the conformalboundary of a space.Unlike
anti-de Sitter spacehyperbolic spaceis also of considerabledirect physical
interest: At the momen there is fairly strong evidencethat the geometry of
the universe(in the Friedmann approximation) is hyperbolic. This explains
why we will gointo considerabledetail in this chapter.

Coordinates

We have de ned hyperbolic spaceasthe upper sheetof a two sheetedhyper-
boloid enbeddedin a Minkowski space. For visualisation a suitable choice
of intrinsic coordinatesis much better. It shouldbe kept rmly in mind that
coordinates do not matter, only the geometry itself does. The basic idea
behind coordinate systemsis to set up a one-to-onecorrespndencebetween
the points of the spaceoneis interestedin and the points of somesubsetof
R". Quite literally, we are making a map of the space.Now one hasa strong
intuition for the properties of three dimensional Euclidean spaceE?, and
one tends to interpret the subsetof R" that occursin the coordinate map
through one'sintuition about Euclideanspace.Therefore,if someparticular
aspect of the spaceoneis interestedin can be mimicked by the properties of
somesubsetof three dimensional Euclidean space,the coordinates will also
be helpful for intuitiv e understanding. Howeer, if the spacewe are inter-
estedin is in fact not Euclidean space,there is always a dangerthat one
will be led astray by coordinate basedintuition. The best artidote to any
tendencyto think that coordinatesare important is to changethem often.

Stereographic projection
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Figure 3: Stereographicprojections of the sphereand the hyperbolic plane.

With this caveat we comethe coordinate systemthat | think is the bestone
for visualizing hyperbolic space,namely the stereographiccoordinates. We
cantreat S® and H?3 simultaneously;they are de ned asthe quadrics

X2+Y%2+272 U%?= 1 (42)

where we let the upper sign stand for S® and the lower for H? through-
out. The ideais now to perform a projection from the point (X;Y;Z;U) =

(0;0;0; 1)to the hyperplaneat U = 0. In the caseof the spherethis means
that onepoint will be missingfrom the map, but this is unavoidable. In this
way we obtain

X Y ya
*“U+1 YT U¥1 ‘T U+1 (43)
Also
24 vy24 72 2
s ayrepo XEEYERZE 1 UP_ 1 UL

1+U)2 ~ (1+U)2 1+U "’

wherethe upper sign appliesto S2, the lower to H3. Equivalertly the stere-
ographic coordinates obey

X = (45)




Y= (46)
Z=; 2z . (47)
U= i z : (48)
The intrinsic metric becomes
ds = (1742)2(dx2 + dy?+ d2?) : (49)

Let us conceltrate on hyperbolic space,sincethe readeris supposedto
know about the spherealready Then the range of the coordinates is re-
stricted by the condition < 1, asis apparen from the fact that the confor-
mal factor of the metric divergesat = 1. Sowe have a picture of H?® asthe
interior of the unit ball in Euclideanspace.This represetation is known as
the Poincare ball, while its even more famouscourterpart in two dimensions
is known as the Poincare disk. An important advantage of this coordinate
systemis that the metric is manifestly conformally at, that isto say that it
di ers from the at metric only through a conformal rescaling. An interest-
ing consequencef this is that if we draw a picture using the coordinates as
Cartesiancoordinateson at Euclideanspacethen all angleswill be correctly
given in the picture, since anglesare not changedby conformal rescalings.
Distanceson the other hand are distorted by the projection; the distortion is
smallestaround the origin, sowe can think of the stereographiccoordinates
asa kind of "magnifying glass"that givesan accurate picture of the region
around the origin.

Other coordinate systems

Another very useful coordinate systemrepresets H? as a half spacein co-
ordinate space.Set

(50)

<
I
X I<
N
1
X | N
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1

X+U=_ (51)
2 2 2
x ys= Xryrz. (52)
X

wherex > 0. This is the half spacerepresetation of H?3 with the intrinsic
metric taking the form

ds? = X—12(de + dy? + dz?) : (53)

Like the stereographiccoordinatesthis coordinate systemhasthe advantage
that the metric is manifestly conformally at. It is often superior in calcula-
tions.

Many other coordinate systemsare usefulin order to discussvarious as-
pects of hyperbolic geometry Like Felix Klein we may prefer to view H?
as a subsetof RP 3, or asthe spaceof lines through the origin in R*. This
suggestghat we should adopt the origin asthe point from which to project
the hyperboloid onto someplane. If the plane of projection is taken to be
U = 1 this resultsin

Ocos sin Osin sin

Ocos 1
Z= 91:@ U= 91:02 ; (55)

where the intrinsic coordinates are spherical polars. Hyperbolic spacenow
appearsasthe Klein ball, with the metric

ds? = d? + i d 2+ sin’d ?): 56

=@ wpty oellrsitd?): (56)
This is no longer manifestly conformally at, so anglesare distorted in the
Klein ball. On the other hand|since totally geadesicsurfacesare the inter-
sectionsof the hyperboloid with planesthrough the origin in the enbedding
spacelit is clear from the construction that totally geadesic surfacesnow
appear as at planesin the ball, and gealesicsas straight lines. This is an
advantage if we want to impose boundary conditions for di erential equa-
tions on totally gealesicsurfacesand then solve them numerically, sinceit
will be easyto make coordinate grids.
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The Klein ball canbe obtained from the Poincare ball through a rescaling
of the radial coordinate. Other rescalingsof are usefultoo, sud asde ning
r through

dr = 12d 5 (57)

Then the metric becomeqin sphericalpolars)

ds? = dr2+ sink?r(d 2+ sin® d 2?) : (58)

Thus r now measuregyealesicdistancefrom the origin; this coordinate sys-
tem is known as geadesicpolars.

The advantage of the spherical polars as sud is that they simplify the
action of the Killing vector eld Jxy. In a similar way it is often useful to
tailor-make a coordinate systemso that one coordinate direction lies along
someinteresting vector eld. As an example,considerthe Killing vector eld
Jxy. Set

X = p1+ Y2+ ZZ2sinhu U= p1+ Y2+ ZZ2coshu (59)

and use(u; Y; Z) asintrinsic coordinates. Then

@:%@+%@:U@+X@:un: (60)

The coordinate u now lies along the Killing eld.

Conformal compacti c ation

Equippedwith theseways of drawing pictures we cannow beginto discusshe
hyperbolic geometryitself. Let us begin by studying the conformal bound-
ary. We discussedhe conformal compacti cation of quadric surfacesin the
previous chapter, but now we will approad it in a di erent mannerthat is
applicableto much more generalspaces.The basicideais to introducea new
"unphysical" metric @, related to the true metric by a conformalrescaling:

d8? = Gpdx®dx? =  2gdxidx® = 2ds?: (61)
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The conformal factor is to be chosensud that innit y lies at a nite
distancefrom any point in the interior of our spacewhen measuredwith the
unphysical metric. We can then add a boundary at in nit y to our space
and use the unphysicical metric to study asymptotic behaviour by means
of ordinary di erential geometry;the conformal compacti cation of a given
spaceis a manifold-with-boundary whoseinterior is the original manifold.
The physicalmetric is de ned only onthe interior while the unphysical metric
is de ned ewerywhere, which meansthat the conformal factor that relates
them must vanishat the boundary while it must be non-vanishingthroughout
the interior.

The conformal compacti cation of H?2 is easily obtained if we work with
stereographiccoordinates. We choose

1 2

= ) ds? = dx?+ dy? + dz? : (62)

The unphysical metric becomesghe ordinary at metric, and the conformal
boundary of H3 is the sphereat = 1. The conformally compacti ed space
is a closedball in E2. If we usethe half spacerepresetation instead the
conformalboundary appearsasan in nite plane;in this picture onepoint of
the conformal boundary is missing.

Note that there is somearbitrarinessinvolved heresincewe could multiply
the conformalfactor with any function that is well behaved at the boundary.
This meansthat we are free to changethe metric induced on the boundary
by a conformalrescaling|the conformalstructure on the boundary is a well
de ned concept, but its geometryis not. Apart from this ambiguity the
nature of the conformal boundary is an intrinsic property of the geometry
As an illustration, let us show that the conformal boundary of ordinary at
spaceis necessarilya point. Using spherical polars, we are looking for a
function  of r sudh that the distance from the origin (say) to innit y is
nite:

Z z z,
ds = ds= dr(r)dr<1 : (63)
0

This meansthat the function must fall to zero faster than oneoverr asr
goesto in nit y. But it then follows that the circumferenceof a circle around
the origin as measuredby the unphysical metric obeys
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rI!ilm 2 (nr=20: (64)

Thereforethe conformal boundary is a point. In e ect we have shovn that
the conformal compacti cation of at spaceis a sphere,while the conformal
compacti cation of hyperbolic spaceis a ball. The conformalboundary is a
point in the former caseand a spherein the latter. The moral of this is that
in somesensethere is a lot of spaceat in nit y in a hyperbolic space.

Mebius transformations

If we restrict oursehesto two dimensionswe can usea complex coordinate
z = x+ iy andrely on known facts from complexanalysis;in the end complex
analysis and hyperbolic geometry will turn out to illuminate ead other.
Notably we will use Mebius transformations, whoseproperties | presumeto
be more or lessknown. A Mebius transformation is a transformation of the
form

+
21 0= 27 60: (65)
Z+

It canbe shown that this is the most generalanalytic one-to-onetransforma-
tion of the compacti ed complexplaneto itself, and it hasthe property that
it maps circlesto circles (or straight lines) and presenes angles. In other
words it presenesthe conformal structure on the Riemann sphere.One can
show that it is possibleto nd a Mebius transformation that throws three
arbitrary points on anothertriplet of arbitrary points, and that this require-
mert completely determinesthe transformation. The map of somefourth
point follows from the fact that the harmonic crossratio

f21; 10,20, bug 2 EZ E

is invariant under Mobius transformations.

The coordinate transformation that relatesthe Poincare disk to the half
spacerepresetation hasto be a Mebius transformation sinceboth of these
coordinate systemsshown anglescorrectly. In stereographiccoordinates the
metric is

(66)
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— 4 .
ds® = mdzdz , (67)

We can perform a Mebius transformation that takes
o! i 10 1! i (68)
It is given by
0 iz + i

= : 69
2= — 1 (69)

At this point it is usefulto obsene that

dz° 1
=1 —_— = — 70
) - (z+ )2 (70)
The normalization can always be arranged. It is now straightforward to
expressthe metric in the new coordinates. If we revert to real coordinates

z°= x + iy at the endwe nd

ds® = %(dxz + dy?) : (71)

This is Poincare's upper half plane picture. The Mebius transformation has
transformed the conformal boundary of H? from the unit circle to the real
line.
The group of Mebius transformations is doubly covered by the group
SL(2; C), which consistsof all two by two matrices of the form
!

G= : =1: (72)

Thesematrices act on the spaceof two componert complexvalued spinors,
that can be regardedas homogeneousoordinates for CP* = S2. We will
needsomequite detailed information about how Mebiustransformationsact,
but it will be enoughto understand three special families of sud transfor-
mations having the property that the trace of their correspnding SL(2;C)
matrix is real. They are:

Elliptic: jTrGj < 2  Hyperbolic: jTrGj > 2  Parabolic: jTrGj = 2: (73)
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An elliptic Mobius transformation hastwo elliptic xed points, a hyperbolic
transformation has two hyperbolic xed points and a parabolic one has a
single xed point that can be regardedas arising from the merger of two
hyperbolic (say) xed points. In all casesthe owlines are arcs of circles,
and soare the level surfaces.

Non-Euclidean geometry

Let usnow homein on the geometryof the hyperbolic plane. We know what
the gedalesicsare in embedding coordinates, and it is therefore easyto shawv
that on the Poincare disk they are arcs of circlesthat are orthogonal to the
boundary of the disk. The gedlesicdistance betweentwo arbitrary points
can be computed in the following manner: First chooseone point at the
origin and the other at radius r, and calculate

d= ds=1In—: (74)
0 1
Supposethat the geaesiccuts the boundaryat by = 1andh, = 1. Then
we can expressthis result as

0 bz b o -

0 bz bz—lnfo,bz,z,blg. (75)
The right hand s the logarithm of the harmonic crossratio of the four points,
which is known to be an invariant under Mebius transformations. Now it is
clearthat the isometriesof H? must be Mebius transformations (sincethese
are the most generalangle preservingtransformations that provide one-to-
one maps of the disk onto itself) and we know that H? is a homogeneous
space. Hencewe can employ the isometry group to move the gealesicto
arbitrary position without changingthe value of the crossratio, and express
the gealesicdistanceas

d=In

21 bz, by
z bz b

The Poincare disk o ers a concrete model of non-Euclidean geometry
the "new world" discoveredat the beginningof the nineteenth certury. The
straight linesin this geometryare to be represeted by the gealesicson the

d=In (76)
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disk. A pair of points clearly de ne a unique gealesic,and if we run through
the list of Euclid's axiomswe seethat they all are obeyed|with the exception
of the fth, sinceit is clearthat through a point outside a given line we can
now draw an in nite setof straight linesthat are parallellsin the sensethat
they do not intersectthe given line. Finally, note that the geaesicstend to
divergefrom ead other|taking the point of view of dynamical systemswe
might say that their Lyapunovs exponert is positive, and indeed this turns
out to be a fruitful point of view that pays a dividend on compacthyperbolic
spaces.

To get a feeling for non-Euclidean geometry we consider some simple
geometric gures. First we considera circle with certer at the origin. We
usegedalesicpolar coordinates sothat the metric is

ds? = dr? + sink?rd 2 : (77)
If the radius of the circle is R then the circumferenceC and the area A of
the circle are
Z,

C-= sinhRd = 2 sinhR (78)
0

z Z,2

2
A= dA= drd sinhr =2 (coshR 1): (79)
A 0 0

Both of them grow exponertially with the radius. This re ects the fact that
there is a lot of spacein a negatively curved space.

The areaof a polygon (boundedby segmets of gealesics)is alsoinstruc-
tive to compute. We chooseto work in the upper half plane. Using Green's
theorem

z

% dxdy = udx + vdy (80)

A

we nd that the areais

z dxdy _ Z dx
A Y @y
where the integration is along the boundary of the polygon. Supposethat
the polygon has n sides. To compute the contribution to the integral from
a particular sidewe choosepolar coordinatesr, adaptedto that particular
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segmelty the rangeof isthenfrom to . Ead segmenwill thereforegive
a cortribution to the line integral which is

z z z
dx d(r cos i
dx _ “ drcos) _ d= . . 82)
y r sin :
Hence
X
A= (i 9): (83)

i=1
This formula is interestingbecauseat canbe usedto relate the areato the sum
of angles ; at the vertices. Looking at the normal to the edgesasit moves
around the polygon, we seethat its total rotation (2 ) can be decommsed
as

X
2 = )+ (i )=n i A (84)
The conclusionis that
A=(n 2) i (85)

As the polygongrowsits angleshave to becomemore acute. Thereis alsoan
upper limit on how large the polygon can become. This is all very di erent
from the scaleinvariant Euclidean geometry|the area doesnot enter the
formula in the Euclideancasebecausédhe only changein the direction of the
normal in a at spacetakesplace at the vertices, so that the angle sum in
the Euclideancaseis simply givenby (n 2) . The anglesumfor a triangle
in the hyperbolic plane on the other hand is always lessthan ; this is indeed
not Euclidean geometry

Isometries

Our next topic is isometries, or Killing vectorsif we take the in nitesimal
point of view. Sincean isometry is a one-to-onemap of the spaceto itself
that presenesanglesit must be a Mebius transformation, but it must be a
restricted kind of Mebius transformation that mapsthe conformalboundary
to itself; on the Poincare disk the isometry group is the group of Mebius
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transformations that map the unit circle to itself and its interior to itself.
They are of the form
Z+

z! 2°=

~ (86)
Strictly speakingoneshouldadd re ections (z! 2z) to this, but asa rule we
will always ignore sud discretetransformations. In the upper half planethe
samegroup appears as the group of Mebius transformations that map the
real line to itself and presenesthe upper half plane. Theseare preciselythe
Mebius transformations with real coe cien ts. The double covering group in
the rst caseis SU(1; 1), by de nition the group of two by two matrices of
the form
|

G2suUl1) ) G= S I A I G N € 1))

In the secondcaseit is the group SL(2; R) of real two-by-two matrices of
unit determinart,

!
ab
cd
Thesetwo groups are isomorphic; indeed since we already know from the
hyperboloid picture that the isometry group of H? is SOy(2; 1) we have just
sketched a proof that

G2SL(ZR) ) G= ad bc=1:  (88)

SOp(2;1)= SU(1;1)=Z, = SL(2;R)=Z, : (89)

We wish to understandthe action of theseisometriesin somedetail.

It will be enoughto understand one represetativ e from eat conjugacy
classof the group. In generaltwo elemens g, and gJ of a group are said
to belongto the sameconjugacyclassif there existsa group elemen g such
that

99 = 9%g *: (90)

Thus in the caseof SO(3) Euler's theorem informs us that there is a one
parameter family of rotations all of which have a given line of xed points
servingasthe axis of rotation, and any rotation canbe brought to this form
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by conjugation. Our group is a little more complicated: There are three
families of conjugacyclasseof isometries|since the trace of an SU(1; 1) or
an SL(2;R) matrix is automatically real they are elliptic, hyperbolic and
parabolic Mebius transformations, respectively. After a brief investigation
one nds that an elliptic isometry hasa singleelliptic xed insidethe disk|
clearly they are analogousto rotations in E2. A hyperbolic isometry hastwo
hyperbolic xed points on the boundary of the disk|they are analogousto
translations in E2, but unlike the latter they do not comnute. They are
sometimescalledtransvections. An important point to notice is that thereis
oneandonly one o w line of atransvectionthat is alsoa gealesic. Conversely
any gealesicdeterminesa oneparameterfamily of transvections. A parabolic
isometry has one parabolic xed point on the boundary of the disk, and its
ow lineslie on sphereghat just touch the boundaryin a point. Sud circles
are called horocycles. Sincethe xed point of an arbitrary rotation can be
brought to the origin by meansof a global isometry there is a one parameter
family of conjugacy classesof elliptic isometries. Similarly there is a one
parameter family of inequivalent hyperbolic isometries. At rst sigh one
might be inclined to think that there should be a one-parameterfamily of
inequivalert parabolic Mebiustransformationsaswell, but this is not sosince
two parabolic Mebius transformations g, and g¢ sharingthe same xed point
can be transformedinto ead other by choosinga suitable transvection g so
that g9 = ggog 1.

It is perhapsworth observingthat the fact that the xed points of the hy-
perbolic isometrieslie on the boundary of the disk could have beenpredicted
without any calculations: It is known that in the neighbourhood of a xed
point of an isometry of a spacewith a positive de nite metric the isometry
always looks like a rotation, sothat only elliptic xed points can occur in
the interior. Continuing this argumert we nd|since the unphysical metric
extendsto the boundary|that a hyperbolic Mebius transformation must be
accompaniedby a conformal rescalingof the unphysical metric.

Hyperholic three-sm@ce
The precedingdiscussionof the geometry of the Poincare disk generalises

to the Poincare ball with little ado. Geadesicsare arcs of circlesthat are
orthogonal to the boundary. There will alsobe totally gealesicsurfaces;n-
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Figure 4: A totally geadesicsurfaceand a horosphere.

tersectionsof the hyperboloid with timelike planesthrough the origin if you
will. Theseare segmets of spheresorthogonalto the boundary. Their intrin-

sic geometryis that of hyperbolic planeswith the sameradius of curvature
asthe three-spacdtself. The horospheres|spheresthat touch the boundary
in asinglepointjare at. This statemert is particularly easyto ched if we
usethe half spacerepresetation, wherethe horospheregouching the point

at in nit y arerepreseted by planesat constart coordinate distancefrom the
boundary. A spherelying entirely inside the Poincare ball is what it looks
likela sphereof constarnt positive curvature. The properties of polyhedra
are similar to thoseof polygonsin the disk|if a polyhedrongrowsits angles
must shrink.

We know from the hyperboloid picture that the isometry group is the
Lorentz group SO(3; 1). On the other hand the conformalboundary is a two-
spherewith a xed conformalstructure, and asigni cant part of the geometry
can be cortrolled (as it were) from there. In particular the isometry group
necessarilymaps the boundary to itself and it must presene the structure
that is presen there. This meansthat the isometry group is realisedas the
group of conformal transformations of the compacti ed complex plane, and
this is preciselythe group of unrestricted Mebius transformations. In outline
this is the proof of the isomorphism

SO00(3;1) = SL(2;C)=Z, : (91)

In this correspndencethe rotations (sudch asthe group elemers generated
by the Killing vectorsJxy, Jyz and Jzx) appear as elliptic Mebius trans-
formations with two elliptic xed points that in fact occur where an axis of
rotations cuts the boundary. Group elemens generatedby boosts (like Jx y,
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Jyu andJzy) correspndto hyperbolic Mebiustransformationswith two hy-
perbolic xed points on the boundary|in the interior they are transvections
without xed points, and their ow lines lie on segmets of circles going
through the xed points. The level surfacesare segmets of spheres,and
there is preciselyone ow line that is alsoa gealesic. The parabolic Meobius
transformationswith one xed point on the boundary correspnd to null ro-
tations sud asJxvy + Jyv; the ow in the interior takesplaceon horocycles
and the level surfacesare againspheres.The half spacerepreseration is par-
ticularly well suited to study null rotations; choosing this represetation so
that the xed point liesat in nit y and its horospheresare planesat constart
x we nd that the metric is

ds? = X—12(de + dy? + d2?) (92)

and the Killing vector elds giving rise to null rotations are

Jxy +Juy = @ Ixz + Juz = @: (93)

Sothe null rotations take placein horospheresand in the half spacerepre-
sentation they look just like translations of at planes.

Horosphees and horocycles

Why are horospherespr horocyclesin the two dimensionalcase,important?
The answer hasto do with analysis.In at spaceaplaneisimportant| inter
alialb ecauseit can be a surfaceof constart phasefor a plane wave, and
plane waves are the basic objects of harmonic analysis. The sameis true of
horospheresn hyperbolic space.

Let us considerHelmholtz' equation

4 = : (94)

on the Poincare disk, and start looking for plane wave solutions. What is a
plane wave supposedto be? In at spaceit can be characterizedas a wave
that propagatesin the direction of a geadesicand has constart phasealong
planesthat arennormal to this gealesic. This suggestghat we shouldlook for
solutions that are constart on horocycles,since horocyclescan be regarded

28



Figure 5: Plane waves: in the upper half plane and in the Poincare disk.

asplanesthat are orthogonalto a family of geadesicemergingfrom a source
(or a sink) at in nit y. The calculation is best madein the upper half plane,
wherethe equationto be solved is

y(@+ @) = (95)
and the Ansatz is that  shall be independernt of x. A set of solutions are
evidertly

=y® ) = s(s 1): (96)

The eigervaluesshould be real, but if we chooses to be real we do not get
travelling waves|in fact we get solutions that grow exponertially as they
approad the boundary. The other possibility is
1 . I

s= 2+ i ) = 4+ : (97)
The spectrum is boundedfrom belown. Sincezerois not an eigervaluethereis
alsoa"massgap" in the spectrum. This isin fact what onemight expectfrom
hyperbolic geometry At large length scalesthere is "more space” presen
than onewould encourter in at space.Thereforethe infrared properties of
a Greenfunction may be expectedto resenble the infrared properties of a
Green function in somehigher dimension|that is to say, it should be less
singular in the infrared than a at spaceGreenfunction would be.

Anyway we can now rewrite our putative plane wave as

29



= glztidmy . (98)
But Iny is just the gealesicdistance

z z
y
d= ds= dy (99)
1y
from a point on a horocycle through z = i to the horocycleat y. It follows
that a plane wave can be written invariantly as

= i (100)

In at spaceplane waves are important becauseof harmonic analysisjan y
reasonabldunction can be expressedisa linear conbination of plane waves.
Mutatis mutandisthis is true in hyperbolic spaceaswell, but for the momen
we will drop the subject here.

Exercises

Perform the projection of the hyperboloid that givesthe Klein ball,
and verify that the metric takesthe form stated.

Shawv that a Mebius transformation may be uniquely "lifted” from the
boundary to the interior of H3, and give explicit formul using (say)
the half spacepicture.
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ANTI-DE SITTER SPACE

The cosmolaical constant

We are now ready to discussarnti-de Sitter spacein more detail. A rst
remark is that sinceit has constart negative curvature it solves Einstein's
equations

R =g (101)

with a negative cosmologicalconstart. In the four dimensional case,when
the quadric is

X2+Y2+272 U? vi= 1; (102)

the cosmologicalconstart hasto take the value = 3to ensurethat Ein-
stein's equations hold on the quadric. This is to say that we will use
to de ne a unit of length, and therefore will not appear explicitly in our
equations. That the cosmologicalconstant provides spacetimewith a natu-
ral length scalemade a deepimpressionon Eddington. Echoing Gauss,he
claimedthat "to setthe cosmicalconstarn to zerowould knock the bottom
out of space”. Physically speaking a negative cosmologicalconstart corre-
spondsin the Newtonianlimit to an extra attractiv eterm in the gravitational
force. This is a usefulfact to keepin mind.

Sausagecoordinates

First we introduce what we call the sausagecoordinates, in terms of which

anti-de Sitter spacewill appearasa salamiwhoseslicesare hyperbolic spaces.
Note how easyit is to slicea spaceof constart curvature with lower dimen-

sional spacesof constart curvature, when the embedding coordinates are
usedin an intelligent fashion: Set

U = Rcott V = Rsint : (103)
The quadric is then given by
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X2+Y2+72 R?2= 1: (104)
The anti-de Sitter metric becomes

ds? = dX2+ dY?+ dz? dR?> RZdt?: (105)

For constar t, theseare just the equationsthat de ne hyperbolic three-space
asa quadric embeddedin four dimensionalMinkowski space.Iflone way or
the other|w e introduceintrinsic coordinateson hyperbolic three-spaceand
denoteits intrinsic metric by d ?, the anti-de Sitter metric is

ds?= R2%dt?+d ?; (106)

where R is somede nite function of the intrinsic coordinates on hyperbolic
three-space.SinceR doesnot depend on t this is a static metric. The time
coordinate t is periodic, which implies the presenceof closedtimelike curves.

We cannot draw a picture until we have introducedintrinsic coordinates
on H?3 aswell. We will usestereographiccoordinates (and sphericalpolars)
for this purpose,sowe set

2 .

X = 1 5 Sin cos (207)

2 L
Y = 1 > sin - sin (108)

2
Z = 1 2 cos (109)
1+ 2 1+ 2

U= 1 5 cost V = 1 > sint (110)
The angular coordinates have their usual range, while 0 < 1. (If we
set = =2 we obtain coordinatesfor three dimensionalanti-de Sitter space

slicedwith hyperbolic planes.) We are now ableto enjoy the two advantages
that spatialin nit y liesat a nite coordinate distance( = 1) from the origin,
which is fortunate when onewants to draw pictures, and that the metric on
the spatial slicesis manifestly conformally at, sothat all spatial angleswill
be faithfully represeted by the pictures. Indeedthe anti-de Sitter metric in
sausagecoordinates becomes
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Ia

2
v dee % dre 2%+ 252 d 2 (111)

d52 = 1 2 (1 2)2

Sonow we candraw an "intrinsic" picture of three-dimensionalarti-de Sitter
space(set = =2in the formulas). Note that the surfacest = 0O andt = 2
have to be iderti ed if the picture really is to depict anti-de Sitter space.
"Going to the covering space"meansthat this is ignored, and the cylinder is
cortinued inde nitely in both directions. There are many cortexts in which
the distinction betweenanti-de Sitter spaceand its universal covering space
is immaterial, and sometimesl permit myself to choose one or the other
without explicitly saying so.

Anti-de Sitter spaceas a sausagesliced with hyperbolic planes

Other coordinates

Personally| preferto stick to sausagecoordinates for visualisation and em-
bedding coordinates for calculations, but the whole range of coordinate sys-
tems for hyperbolic spacelincluding half spacecoordinates, stereographic
coordinates, and all sorts of ad hac conccations|ha ve their analoguesin
anti-de Sitter space.The stereographiccoordinates have the advantage that
lightconeslook like lightcones. This is so becausethe metric becomesman-
ifestly conformally at, and the path of a null geadesicdoesnot depend on
the conformal factor of the metric.

The details are as follows: The projection will be made from the point
(X;Y;Z;U;V) = (0;0;0;0; 1) onto the planeat V = 0. Sincea particular
choice of steregraphiccoordinates is singled out by choosing the point an-
tip odal to the point of projection we descrike this choice asbeing "centered
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onV = 1"; aroundthis point distancesare not asdistorted by the projection
as elsewhere.The region covered by the projectionisV > 1, or in words
it is the interior of the light coneat the point of projection. (The fact that
this coordinate systemdoes not cover spacetimeglobally detracts from its
usefulness.)Explicitly

Stereographicprojection of anti-de Sitter space

2x 2y 27
X = Y = Z = 112
1 s 1 s 1 s (112)
2u 1+ &2
U= 1 ¢ 1 s (113)
where
2 xX2+yi+ 72 uP<1: (114)

The intrinsic metric in these coordinates is manifestly conformally at, as
advertised:

— 4 2 2 2 2\ .

ds® = a SZ)2(dx +dy?+ dz?2  dud) : (115)
The coordinate spaceis now that subsetof Minkowski spacewhich is con-
tained within the one-sheetechyperboloid de ned by s? = 1. The waist of
this hyperboloid is a Poincare ball descrited by the embedding coordinates
asU = 0; the point V = 1 sits at the certer of the waist. The surfaceV = 0
becomesa hyperboloid in the at coordinate space,making it manifestthat
its intrinsic geometryis that of H 3.
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Anti-de Sitter spacein stereographiccoordinates

Conformal compacti ¢ ation and J

The pictures that we drew really depict conformally compacti ed anti-de
Sitter space;we selecta conformalfactor sothat the conformally related
metric is well behaved on the boundary = 1. As always the precisechoice
of this factor is a matter of judgment. A natural choiceis

1 2 1
= 13 2_pm. (116)
Then (using sausagecoordinates)
d¢> = 2ds’= dt*+ (1+742)2(d 2+ 2d 2+ 25 d ?): (117)

The spatial metric is that of the three-sphererather than at space.Indeed
the unphysical spacetimemetric is that of the Einstein universe,which has
the topology S® R, and what we have shavn is that arnti-de Sitter spaceis
conformally related to a subsetof the Einstein universe,as depicted in the
gure (wheretwo dimensionshave beensuppressed).

Anti-de Sitter spacein the Einstein universe

The boundary of conformally compacti ed adS, hasthe topologyS> R,
where the spherecan be regardedas the conformal boundary of hyperbolic
three-space.This boundary is timelike. It is common practice to refer to it
as J orscri|"script I"|whic his de ned asthe setof endpoints of all future
directed (or past directed, asthe casemay be) lightlik e gealesics.Of course
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the boundary is also the set of endpoints of spatial gealesics,so we can
alternatively refer to it as spatial in nit y, but lightlik e gealesicsare more
important for the causalstructure. The whole structure is quite di erent
from that of conformally compacti ed Minkowski space,for which spatial
innit y, future J, and past J aredisjoint, and the latter two are lightlik e.
It is a crucial di erence and we will dewote a chapter of its own to its study.

Cauchydevelopments

Wenow try to put somemorestructure into our picture of the interior. Todo
this we solwe the equationsfor a lightlik e gealesicmoving radially outwards
from the origin:

2d t
d?=0;d =d =0 ) dt = T3 7 ) tan 5 = : (118)

The conclusionis that a light ray that leavesthe origin at t = 0 endson J

att = =2. This is oneof the resultsthat we have already derived using the
embedding coordinates; another of thoseresultsimply that radially directed
timelike gealesicsthat start out at the origin ewvertually turn around and
recorvergeat r = 0 after the passageof an amourt  of time t. This makes
physical sense,and re ects the fact that a negative cosmologicalconstart
correspndsto an attractiv e gravitational force. An apparen drawbad of
our sausageoordinatesis that the slope of a light ray dependson the radius.
We canrescalethe radial coordinate sothat all radial lightlik e gealesicsget
slope one(asonedoeswhendrawing Penrosediagrams),but then it turns out
that the slope dependson direction instead. Our choice of radial coordinate
ensuresthat the slope of a light ray is independen of direction, although it
doesdepend on the radius.
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Lightlik e, timelik e and spacelile geaesicsin anti-de Sitter space

An important property of arti-de Sitter spaceis that it is not globally
hyperbolic. What this meansis that there are no Caudy hypersurfacesin
this spacetime, since information is always "leaking in" from its timelike
boundary. Giveninitial data on (say) the hyperbolic three-spacede ned by
t = 0, we cannot predict all of the future, and indeedafter the passageof an
amourt =2 of time we have completelylost cortrol of the time dewelopmen,
unlesswe can somehav cortrol the inux of information from in nit y. We
can introduce a new coordinate systemto emphasizethis state of a airs. It
will cover only the Caudy dewlopmen of the surfaceV = t = 0; the ideais
to rewrite the quadric that de nes adS as

X2+Y%2+72 U?= (1 V?: (119)

Provided that jVj < 1 the surfacesof constart V are hyperbolic three-spaces
with V-dependen curvature. But the hypersurfaceV = 1 is the badkwards

lightcone of the point at the spatial origin at t = =2]|this is manifestin our

stereographiccoordinates where it becomesa lightcone in coordinate space
with its vertex at the certer of the waist|and it hits the boundaryat V = 0.

HencejVj < lis preciselythe Caudy dewelopmen of the surfaceV = 0; the

conclusionis that the Caudy dewelopmen can be foliated with hyperbolic

three-space®f growing intrinsic curvatures.

The Caudcy dewelopmert of t = 0 sliced with hyperbolic spaces
Let us be a little more explicit about this; we set
V =sinT : (120)

We rescalethe remaining coordinates accordingto
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X = X cosT Y = ¥ cosT Z = Z cosT U= OcosT; (121)

Then the de ning equationfor anti-de Sitter spaceis obeyed provided that

X2+ 92+ 22 02= 1: (122)

This equation de nes a hyperbolic three-space.The anti-de Sitter metric in
thesecoordinatesis

ds? = coS T(dX?+ d¥2+ dZ2? d0?) dT?= dT?+ co$Td ?: (123)

where d 2 is a metric on H3. This is a metric of the Robertson-Walker
form; the Caudy dewelopmen hasbeenfoliated with hyperbolic three-spaces
with constart negative curvatures that grow with T|indeed the intrinsic
curvature of the spatial slicesis proportional to 1=cog T. The curvature
divergeswhen T = =2. From the picture it is clear that this happens
becausehe hyperboloids degenerateto a coneat this momert in time. The
region outside the light cone where the "Cauchy coordinates” break down
can be slicedwith three-dimensionalde Sitter spacesf needbe.

Null planes

Oncewe know what a light ray lookslike it is natural to askfor the anti-de
Sitter analogueof a null plane. By de nition, a null or lightlik e surfaceis a
surfacethat is cortains its own normal. Sincethe normal is orthogonal to
the surfaceit must be a lightlik e vector, and it must be the only lightlik e
vector in the surfacesincea surfacecortaining two null vectorsis timelike.
A null surfaceis in fact ruled by a set of null gealesics.

A lightconeis a null surface.A null plane canbethought of asa lightcone
whosevertex sits at in nit y. It isatotally gealesicsurfaceand we know what
thoseare in anti-de Sitter space,namely surfacesof the form

a X=0: (124)

This is a null surfaceif
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a®=0: (125)

It is usefulto know how sud a surfacelooksin sausageoordinates(although
the correspnding formula is not so useful).

A null plane in sausagecoordinates

It is alsoinstructive to work out what it lookslike in stereographiccoor-
dinates, wherea lightcone lookslike a lightcone. Taking out a factor if need
be the equation can be written as

XoX + on + 707 upgb v=20 (126)

where

Xo+ Yo+ zg uj=1: (127)

But this meansthat (Xo; Yo; Zo; Up) are the stereographiccoordinates of some
point on J, andit is a minor exerciseto shav that the equationfor the null
plane can be rewritten in terms of stereographiccoordinates as

(X Xo)?+ (Y Yo)’+(z 2)*=(u Up?: (128)

This isindeedthe equationfor a lightconewith its vertexon J , and con rms
that we are indeeddealingwith a null plane.

Optical geometry

Let us pursuethe propagation of light in anti-de Sitter spacea bit further.
Sinceit is a static spacetime,we can identify all spacesof constant t and
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ask for the spatial trajectory of a light ray. In other words, we choosethe
manifestly static sausagecoordinates and then we look straight down the
tube from above|w e will seethe light rays projected onto a spatial disk.

With the exceptionof thoserays that gothrough the origin, the spatial paths
followed by the light rays are not gealesicson the Poincare disk (whereas
in at spacetimethey would be straight lines in space). Howewer, for all

static spacetimesit is true that the light rays do follow spatial paths that

are gealesicswith respect to a spatial metric which is de ned in a di erent

way than the actual "physical” metric. The ideais asfollows: Considerthe

static metric

ds? = gedt?+ d 2 ; (129)

whereall the componerts areindependert of t and d ? is the physical metric
on space(i.e. that metric which is induced on a spatial slice by the metric
on spacetime). Then the optical metric on spaceis de ned by

iol 2 (130)

Ot

di? =

It is now possibleto prove that the spatial trajectory x2(t) of the light ray]|
which is a null gealesicwith respect to the spacetimemetriclis indeeda
gealesicwith respect to the optical metric, with the time coordinate t asits
ane parameter. Let us acceptthis theorem (which is easyto prove) as a
fact. Using the sausagecoordinateswe nd that the optical metric for adS,
is

4

So while the physical metric is that of H?3, the optical metric is the metric
of S, which hasconstart positive curvature. In both caseshe range of the
coordinate is restricted to 0 < < 1, sothat we have to imagine only
one hemisphereof S® in order to visualize the light rays as geadesics. For
an obsener sitting inside anti-de Sitter space,in nit y "looks like" the (two
dimensional) equator of the three sphere,as seenfrom its North Pole.
Equipped with theseideaswe canreturn to considera family of light rays
comingfrom a point on the boundary of anti-de Sitter space,choosingadS3;
as an illustrativ e example. If we think of spaceas a hemisphere,the rays

diz = (d2+ 2d2+ 2si? d 2): (131)
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follow great circleson the sphere.If we usestereographiccoordinatesx;y on

the spherethesegreat circles correspnd to arcs of circlesin the coordinate
disk, but they are not orthogonalto its boundary (exceptin the special case
that the circle is a straight line). Thereforethe trajectoriesare not gealesics
with respect to the physical metric. The particular trajectory going through

the origin is a gealesicwith respect to the physical metric though; there is

no con ict with homogeneiy of spaceheresincethe optical metric is not left

invariant by SO(2; 1), and thereforethe trajectoriesdo not transform in any

obvious way under Meobius transformations.

Light rays projected on the Poincare disk

Isometries

We have yet to discussthe isometriesof anti-de Sitter space. In a later
chapter we will give a very detailed discussionfor the special caseof adSs,
but we give the most important featuresright away. The isometry group
of adS, is SO(3;2) and it hasten generators. There is one Killing vector
that acts like time translation in Minkowski space. In sausagecoordinates
we have

@- Za+ Z@=ua+va=iw: (132)

Thereis alsoan SO(3) subgroupgeneratedby the three Killing vectorsJy v,
Jyz and Jzx . They work just like rotations in Minkowski space.

So far we are missing the analoguesof spatial translations and Lorentz

boosts. We have six generatorsleft to work with, and we pick Jxy as a

represemative example. We know that it acts like a transvection (with two

xed points on J) on the hyperbolic three-spacede ned by V = 0, but it
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doesnot stay that way. Its norm squaredis

JjIxuii?=jiX@+ U@jj’=U? X?=Y%+2Z7%? V2+1: (133)

Henceit is spacelile within the Caudyy dewelopmernt jVj < 1 of the surface
V = 0, but there is alsoa regionwhereit is timelike. On the surfacede ned
by X = U = 0it hasaplaneof xed points, and closeto this planeit behaves
just like a Lorentz boost in Minkowski space.Somehav what started out like
a spatial translation at t = 0 hasbecomelike a Lorentz boostatt = =2.

The ow of Jxy

For referencewe give all the Killing vectors of adS; in sausagecoordi-
nates:

Juv = @ Jxy = @ (134)

2 2
cost cos @

2 . 1 .
Jxu = T 2smtcos@w costsin @ (135)

costsin @ +

2 o 1
Jyu = 1T 5 sintsin @ + costcos@ (136)

2 2
sintcos @ >

2 1 L
Jxy = 1+ 2costcos@+ sintsin @ (137)

sintsin @ +

2 . 1 .
Jyy = 15 2 cost sin @ + sintcos@ : (138)
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We will return to a systematicstudy of the isometry group of adS; in a later
chapter.

Kil ling horizons

In Lorentzian geometry isometrieshave somefeaturesthat are not preser

when the metric is positive de nite. This can be seenby thinking about
a Lorentz boost in Minkowski space. First of all it has hyperbolic xed

points, somethingthat cannot occur in the positive de nite case.There are
two regions where the ow is timelike and two where it is spacelile, and
theseregionsare separatedby a bifurcate null surface|ha ving two sheets
that crossead other on the setof xed pointsj\whose normal is the Killing

vector itself. This situation is genericfor spacetimeisometriesand motivates
ade nition: A null surfacewhosenormal is a Killing vector is calleda Killing

horizon.

The bifurcate Killing horizon of a Lorentz boost
Let the Killing vectorbe . We cande ne a family of hypersurfacesby

= constart : (139)

The Killing horizon occurs where the constart vanishes. Sincethe normal
lies alongthe Killing vector eld there must exist a proportionality constart
sud that

r = 2 : (140)

This equation must hold on the null surfaceif it is indeeda Killing horizon.
The proportionality constart is calledthe surfacegravity of the horizon|
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and its value must be ewaluated on the horizon itself. A priori the surface
gravity might be a scalar eld rather than a constart, but it can be shown
that it is necessarilyconstart in the direction of the null generators.Moreover
it is constart in all directions on any bifurcate Killing horizon. There are
Killing horizons that are not bifurcate but consist of a single sheet. For
them the constancyof can be shovn to hold if Einstein's equationsare
assumedo hold, with somereasonableconditions on the energy-mometum
tensor. The bifurcate caseis the genericone and occurs whene\er there is
some(D 2) dimensionalsetof xed points in a D dimensionalspacetime.

If the surfacegravity vanishesthe Killing horizonis saidto be degenerate.
The ow ofthe Killing vector hasto changefrom spacelile to timelike acrossa
non-degeneratilling horizon, but this may or may not betrue if the horizon
is degenerate. Cornversely it should be noted that the Killing vector can
changefrom spacelile to timelike without going through a Killing horizon,
sincethe surfacewherethe Killing vector becomedightlik e can be timelike.

Anti-de Sitter spaceprovides instructive examplesof the behaviour of
Killing horizons. Let us rst considerthe Killing vector

= @=alxu; (141)

where a is somearbitrary constart. This Killing vector becomeslightlik e
when

= jjadxujj’?= a®(U? X?H=a*(U+ X) U X)=0: (142)
This is indeed a bifurcate null surface consisting of two intersecting null
planes. On that branch of the surfacewhereX = U we nd that
r a’(U? X?)=2a( X;0;0;U;0)= 2a%( U;0;0;X:0)= 2a : (143)
Thereforethis is a bifurcate Killing horizon with surfacegravity = a. (On
the other branch of the surfacethe sign is reversedsincethe Killing vector
is past directed there.)

Now supposethat we twist our Killing vector a little. First set

= alxy + blyy ; a>b>0: (144)

44



Then the Killing vector becomedightlik e on the surface

= a?(U? XH)+P(V2 Yd)=(a® P)(U? X?+B=0: (145

Howe\er, it is easyto corvince oneselfthat this is a timelike surface. There-
fore it is not a Killing horizon and indeed there are none for this choice of
Killing vector. Parerthetically it is clearfrom this obsenation of aninvariant
property that the twisted Killing vector must belongto a di erent conjugacy
classthan doesaly . Next we take

= a(Ixu + Ixy) : (146)
This is an interesting casebecausethe norm squaredvanisheswhen

jjadxu + Ixv)jj?= 22U+ Y)*=0: (147)

This is a null surfacewith a single branch. Sinceit hasa double zeroit is
clearthat on this surface

r (U+Y)?=0: (148)

The surfacegravity is zero;this is a degenerateKilling horizonand the ow
of the Killing vector is spacelile on both sidesof the horizon.

The surfaceswhere a Killing vector becomesnull; three cases

The attractive gravitational force
We can get somephysical feeling for anti-de Sitter spaceif we comparean

obsener moving along the Killing vector eld Jxy with an obsener mov-
ing along a boost Killing vector eld in Minkowski space. (We chooseJy v
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becausewe tend to regard the surfaceV = 0 = t asif it were our courtry
of origin in anti-de Sitter spaceland it is Jxy rather than Jxy which is
timelike there.) For simplicity we restrict oursehesto the two dimensional
case,

X2 U? V%= 1: (149)

We alsorestrict our attention to the regionwhereV? < X2, which is where
Jxv istimelike (and whereU? > 1). In general,the accelerationexperienced
by an obsener moving along a vector eld is given by

1 1
( ) r 2r In ( ) ; (150)
wherethe secondstep was possibleonly becausewe assumethat the trajec-
tory lies along a Killing vector eld. The result of a small calculation (it is
conveniert to doit in a coordinate systemwhereJyy = @ for somesuitably
chosentime coordinate ) then revealsthat

a =

U2

2 — .

aa‘m ) l<a<1 : (151)
The expressiordivergeswhenwe approad the Killing horizon. The existence
of alower bound greaterthan zerois a newfeature not preser in Minkowski
space.We canunderstandwhy it occursif we considerthe accelerationof an
obsener moving along the Killing vector Jyy, which in sausagecoordinates
is just @, this is an obsener hovering at a constart distancefrom the origin
of the sausagecoordinates. For sud an obsener we obtain

a

2= X i

1+ X2

This obsener is subject to an attractiv e gravitational force not presein in
Minkowski space,and the sameforce is acting on the acceleratedobsener.

) O<ac<l: (152)

Euclidean section

In physical applicationsit is frequertly interesting to analytically cortinue a
metric of Lorentzian signatureto one of Euclidean signature|assuming this
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can be doneat all. What we require for this purposeis a complex manifold
that hasthe given Lorentzian spaceas a real section,and additionally hasa
real sectionwith Euclidean signature. In practice sud an Euclidean section
may or may not exist, and it may or may not be unique if it exists. This
raisessomedi culties, but in the caseof static spacetimesthere are none:
An Euclideansectionof a static spacetimecan always be obtained by letting

£ it (153)

for the coordinate along the timelike Killing eld.
Anti-de Sitter spaceis a static spacetime,solet us perform this analytic
cortinuation using sausagecoordinates. The resulting metric is
|
1+ 2 4
dt? + ————(dx® + dy? + dz?) : 154

It is not di cult to seethat thesecoordinates parametrize hyperbolic space

ds® =

X2+Y2+272+V2 U?= 1: (155)
The cortinuation ertails

2 2

| o 1+ 1+ . _
V! (VA U= 1 > cosht V = 1 > sinht : (156)

Therefore we regard hyperbolic four-spaceas the Euclidean courterpart of
anti-de Sitter space.In a similar way the four-sphereis the analytic cortin-
uation of de Sitter space.

The link between adS, and H* can be made a good deal tighter. To
seehow, let us rst forgethe corresmpnding link betweendS, and S*. The
spacetimetopology is that of S R. Now choose a three-spherein de
Sitter spacethat has vanishing extrinsic curvature (say, the "waist" of the
hyperboloid). The data that we are given is the extrinsic curvature and the
intrinsic metric on the three-spaceand asis well known thesedata su ce to
reconstruct de Sitter spaceboth to the future and to the past of the three-
sphereby meansof Einstein's equations. On the other hand we canregardthe
three-sphereas the equator of a four-sphere. Sincethe extrinsic curvature
vanishesanyway this is a possibleinterpretation, and the intrinsic metric
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on the three-spherecan be regardedas boundary data from which we can
reconstruct the four-sphereby meansof the Euclidean version of Einstein's
equations. Now the ideais to usethe Lorentzian equationson one side of
the three-sphere,and the Euclidean equationson the other. The result is
a smaoth spacethat changessignature acrossthe three-sphere.Not only is
there a complexmanifold that admits both dS, and S* asreal sections|no w
we seethat these sectionscan be madeto intersect along an S® inside the
complexmanifold.

Gluing a Lorentzian and an Euclidean spacetogether

The sameargumen appliesto adS, and H#4; evidertly they intersectin
an H?3 with vanishing extrinsic curvature. There is a slight complication
becausehe spaceis open, and the data on H  have to be supplemened with
data along the conformal boundariesof the spacetimeand the spacethat
we are trying to reconstruct. But this doesnot changethe overall picture.
Why is the picture wanted in the rst place? The answer is that this kind of
construction appearsin the Euclidean approat to quantum gravity and in
guantum cosmology;maybe it has somethingto do with physics.

Exercises

Draw all the pictures for this chapter.
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ASYMPTOTIA

A changeof hats

To set the conformal compacti cation of anti-de Sitter spacein cortext we
will wish to compareit to that of Minkowski spaceon the one hand, and to
that of the more generalclassof asymptotically arti-de Sitter spacetimeson
the other. Becausewe will focus on the unphysical geometryin the neigh-
bourhood of J it will be cornveniert to make an exdhange of hats|in this
chapter all geometrical objects built from the physical metric will appear
with hats on, while there will be no hats on unphysical objects.

Minkowski space

Minkowski spaceappearsto be rather simpler than anti-de Sitter space,
but this is not sowhenwe try to understandwhat goeson at in nit y|the
structure of the conformal boundary of Minkowski spaceis quite a bit more
involved than that of anti-de Sitter space. To get to grips with the former
we begin by introducing retarded and advancednull coordinates

u=t r v=t+r: (157)

An outgoing radially directed null geadesichasconstart u, which is why u is
called a retarded coordinate|the coordinate v sernesasan a ne parameter
alongthe outgoingray. Anyway, in thesecoordinatesthe physical Mink owski
metric is

2
4 =  dudv+ %d 2. (158)

whered 2 is the metric on the two-sphere. Next we bring innit y in to a
nite coordinate distancethrough

u=tanp v=tanq: (159)

Then the metric becomes
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Figure 6: Advancedand retarded null coordinates.

1
~ 4cogpcogq
“In nit y" now occursat p or g equalto =2, and the metric is clearly ill-
de ned there. This can be cured by a conformalrescaling;eviderilly we can
choosethe conformalfactor sothat the conformally related unphysical metric
is

ds? ( 4dpdg+ si?(p g)d ?): (160)

ds? = 2d&%>= 4dpdg+ si’(p qg)d 2: (161)

(The conformal factor vanishesat the boundary and has non-zerogradiert
there, asit should.) This metric is perfectly well de ned alsowhenp==2.
There is a coordinate singularity at p = g, but this doesnot matter. Thereis
a similar problemat (p;q) = ( =2, =2), correspndingtor = 1 . This is
in fact another coordinate singularity and doesnot matter either. The point
whereit occursis known as spatial in nit .

If we introduce new coordinates

(162)

1
o]
©

=ptq
we get

d?= d?+d?+sinPd ?: (163)
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Figure 7: Herewe seel+1 dimensionalMink owski space,enbeddedin the Einstein
universe,as a conformal diagram, and as a Carter-Penrosediagram. The latter is
valid in any dimension.

This is the metric of the Einstein universe. The two coordinate singularities
that we encourered above occur at antip odal points on the spatial three-

sphere. Sojust like anti-de Sitter spaceMinkowski spaceis conformalto a

subsetof the Einstein universe, but the two subsetsare di erent and the

nature of the conformal boundary is dramatically di erent in the two cases.
The boundary now consistsof two separatenull surfacescalled future and

pastscri,J* andJ . Theseare really lightconeswith onevertex at future

and past timelike innit y, i* andi respectively, and one vertex at spatial

innit y i°. The fact that a single light cone managesto have two vertices
is a little hard to visualize directly, but it is clear from the way that it is

embeddedin the Einstein universethat this is what happens.

We can think of lightlike innit y J asthe set of endpoints of lightlik e
gealesics,and spatial in nit y i° asthe setof endpoints of spacelile gealesics.
It is the conformal rescalingthat provides the gealesicswith endpoints in
the rst place. In anti-de Sitter spacethe conformal boundary plays both
roles, but in Minkowski spacethey are kept separate.

The picture that we have arrived at is not quite the sameasthe onethat
we would get from the point of view of the projective null quadric

X2+ X2+ X2+ X2= X2+ X} (164)
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in CP>. As we have seenthis quadric provides a model for compacti ed
Mink owski spacefrom a conformalpoint of view. By scalingthe homogeneous
coordinates suitably we seethat the topology of our quadricis S® S*. We
can recover this structure from the new version of compacti ed Minkowski
spaceif weidentify J * andJ with ead other. This canbe donein a fairly
natural way since every null plane in Minkowski spacecan be regardedas
a lightcone with onevertex on J * and the other on J ; one can identify
the correspnding points and in the processone nds that i*,i andi® get
identi ed with ead other. In this way all lightrays becometopologicalcircles
andthereis asinglelightconeat in nit y. As areward we gaina natural action
of the conformal group|the drawbad is that no suc man uvre is possible
in more generalspacetimes.Since Minkowski spaceis not our subject we do
not erter into any further details here.

Conformally related spacetimes

As a preparation for our study of the conformal boundary of more gen-
eral spacetimeswe considertwo conformally related but otherwisearbitrary
spacetimesn somedetail. Supposethat

g = %0 : (165)
We introducethe rule that indiceson hatted and unhatted objects are raised

and loweredwith the hatted and the unhatted metric, respectively. It follows
that

153 n = W n+m 130 n
T ::: - fl:::

) (166)
T . m 13 0= W (n 1)¥(m l)-f
1 1 -

m 13 n -
1 50 m 1

The number w is known asthe conformal weight of the tensor. The metric
hasweigh zero,and the de nition is madein sud a way that the weight is
unchangedby raising and lowering of indices. It is only rather specialtensors
that transform in this way|most tensorsdo not have a conformal weigh.

We will want to remove the hats from various geometric objects. First
we de ne
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n =r : (167)
Then it is easyto shawv that

*V=rV+C V; (168)
wherethe cortortion tensoris

C :1(n+ n g n): (169)

It is a straightforward exerciseto derive from this that

1
R = 2R +4(rn énz[[)]]: (170)

On the other hand we may always write

R =c +4t 1, (171)

whereC is the Weyl tensor (the "tracelesspart” of the Riemanntensor),
and similarly for the hatted curvature tensor. Hencewe concludethat the
Weyl tensor is a tensor of conformal weight minus two;

¢ =c (172)
Moreover
1 1
P =P + =r r 529 91 (173)

The tensor P is simply related to the Ricci tensor, but the exact relation
dependson the dimensionD of spacetime.When D = 4 or 3 we have

P =2 g R D=4 (174)

P =R >g R D=3: (175)

The signi cance of the Weyl tensor is that a spacetimeof dimensionD > 3
is conformally at if and only if its Weyl tensor vanishes. In three dimen-
sionsthe Weyl tensor vanishesidertically, and its role is taken over by the
conformally invariant Bach (or Cotton-York) tensor:
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B =B reP, D=3: (176)
A three dimensional spacetimeis conformally at if and only if the Bach
tensor vanishes.

It is usefulto recordthe oncecortracted Bianchi idertity in four dimen-
sions:

r C +2r (P; =0 D=4: a77)
In all dimensionsthe twice cortracted Bianchi idertity gives

r P =r P: (178)
P is the trace of P

Asymptotically anti-de Sitter spacetimes

We are now ready to discussspacetimeghat are asymptotically anti-de Sit-
ter. Roughly speaking these should look like anti-de Sitter spacefar away
from somecertral region. It is whenthis notion is to be madeprecisethat the
conformal viewpoint really pays o ; asshavn by Penrosethe intuitiv e ideas
can be capturedin a few assumptionsabout the overall conformal structure.
Thereis somelatitude in decidingpreciselywhat theseassumptionsare since
we are trying to de ne a notion which is only appraximate anyway|namely
the notion of isolated gravitating systems. The assumptionsare too weak if
nothing can be proved, and they are too strong if no sud systemsoccur in
Nature. It is not a priori obvious that a middle ground exists, but it does.

At the outset we have a physical spacetimeM with a metric § obeying
Einstein's equations

R %g R+ g =T (179)

Next we idertify M with the interior of a compact manifold-with-boundary
M, whoseboundary is J. The manifold M has a metric g which is
conformally related to that of M by

g = *g : (180)
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It is assumedthat

=0 on J : (181)

The remarkable thing is that this assumptionis all that is neededto en-
sure that M is asymptotically anti-de Sitter in a local sense,apart from
necessaryassumptionson regularity and analyticity aswell as suitable fall-
o assumptionsfor the energy-mometum tensor. Someextra assumptions
will be neededto ensurethat the topology is rightjesp ecially to ward of
problemshaving to do with light rays that do not escagto J |and more
detailed assumptionsconcerningthe existenceof various consenred charges
may be addedaswell. Thesecomplicationsshould not be allowed to obscure
the basic idea, which is that Einstein's vacuum equationsfor the physical
metric are enoughto ensurethat the physical Weyl tensor must vanish in
the neighbourhood of the hypersurface = 0 in the unphysical spacetime.

It is another question whether spacetimeswith the required degreeof
regularity at J are in any sensegeneric as solutions of Einstein's equa-
tions. In somesensethis is the questionto which extert Einstein's equations
themselhes give rise to a suitable de nition of isolated systems. Substartial
progresshas been made on this issueby Friedrich, with reassuringresults
at leastin the anti-de Sitter case.But Friedrich's work is quite beyond our
scope here|in fact we will make the necessaryegularity assumptionswith-
out commerns. In particular onceit has beenshovn that can be used
as a coordinate in the neighbourhood of J 1 will tacitly assumethat | can
perform power seriesexpansionsin this coordinate, although as a matter of
fact this is a dubious assumption.

The program is to deducewhat Einstein's equationshave to say about
the unphysical geometrynear J. That is to say, our task is to remove the
hats from various objects. We will make some simplifying assumptions|
apart from analyticity assumptionsthe assumptionthat < 0 is the most
important one, sincethe asymptotically at caseis signi cantly more subtle
and requires further postulates, including topological assumptionsand the
assumptionthat the gradiert of is non-vanishingon J. We alsoassume
that D = 4 andthat the energy-mometum tensorvanishes.The formul do
get more cumbersomeif matter is included, but in principle it is straightfor-
ward to formulate fall-o conditions that ensurethat the main conclusions
are unchanged.
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Our starting point is thereforethe pair of equations

R = ¢ , ﬁzgg (182)

and

P+ 1 n 2—12nzg =P (183)

We usethe latter equationto transfer information to the unphysical geome-
try. We rst combine our two equationsand get the basic equation

2P+ r n %fg =0; (184)

where
1

f= n2+ (185)

3
One conclusionis immediate. If welet 2
be true that

stand for equality on J it must

A 186
nn 3 (186)

Sincewe assumethat < 0 the conclusionis that the surface = 0 must be
timelike, just asin the caseof anti-de Sitter spacetimeitself. Note that the
conclusionimpliesthat canbeusedasa coordinate in the neighbourhood of
J . It doesnot imply that the various geometricalobjects that we encouner
can be written in terms of power seriesexpansionsin , but we will so
assume.

We are now allowed to divide our basicequationby . Cortracting with
the normal vector n  we obtain

Pn+%rf: : (187)

We can also take the curl of the basic equation. Then the Riemann tensor
will arisefrom the term

ryr in =R n: (188)



After a bit of massagehe resulting equationis

1
r[P]+§C n=0: (189)

A further conclusionfollows:

C n20 ) ¢ =¢ =0; (190)

The implication is easygiventhat a part of the Weyl tensorthat is selfdual in
onepair of indicesmust be selfdual in the other pair (but note that it holds
only if the vector is spacelile or timelike). Sincethe Weyl tensor vanishesat
in nit y the spacetimeis indeedasymptotically anti-de Sitter in a local sense.

Conserve chames

What are the structures available on J ? Are there consered charges
de ned there ? The answer is that there are obvious candidates,and that

they can be obtained in a few more steps. First we considerthe intrinsic

geometryon J. In general,if we have a submanifold whosenormal vector
isn thereis a projection operator that projectstensor elds to tensor elds

on the submanifold:

q = nin n : (191)
The ideais that

T 46T ) NTyp =0 (192)

and soon; we uselLatin indicesaslabelson tensorsthat have beenprojected
down to the submanifoldin this manner. Lowering oneindex on the projector
we obtain the rst fundamertal form, that is to say that the intrinsic metric
on J is

3
G = Gab+ —NaNp . (193)

Sincethe normal vector is now spacelile the intrinsic metric is Lorentzian.
Moreover the unphysical metric g is de ned only up to a conformalfactor,
sothat it is only the conformal structure inducedon J that is signi cant.
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Next we obsene that the vanishingof the Weyl tensorat J allows usto
form the tensor

K e . (194)

Using the equation that we have derived already together with the once
cortracted (unphysical) Bianchi identit y we can show that

r K =0: (195)
Now considerthe "electric" part of this rescaledWeyl tensor:

E.ab §Ka pN N . (196)

Sincethis tensoris orthogonalto the normal it canbe viewed asa symmetric
and tracelesstensor eld on J. Moreover we can introduce the unique
torsion free and metric compatible derivative operator on J , namely

DaTy.5" = ququdfor T e (197)
It is now a straightforward exerciseto prove that

r K =0 ) D.E®=0: (198)

By now we have a respectable amourt of intrinsic structure de ned on J,
including a metric, a metric compatible connection,and a transversetrace-
lesstensor; it turns out to be enoughto de ne consered chargesin some
circumstances.
Supposethat the inducedmetric on J admits a conformalKilling vector
. Let C denoteany spacelile surfaceon J|a "crosssection”of J |and
considerthe integral

S _32
QICl= — _Ea 2ds® (199)

This is a consened charge since we have, for two di erent crosssections
bounding a volume V, that

S—7z

QIC] QCY= —° dVDLE® )=0: (200)

58



The integrand is zero due to the facts that E2° is transverseand traceless
and that

Dap= Cu: (201)

Sincethe consenred chargesrequire a conformalKilling vector only, they will
survive a conformal rescalingof the intrinsic metric on J .

In the presenceof matter the electric part of the rescaledWeyl tensor
may or may not be divergencefree, depending on the fall-o properties of
the matter elds. On the other hand the magnetic part

Bab § ?Kaphnn (202)

of the rescaledWeyl tensor (where the star stands for the Hodge dual) is
divergencdreewhetherthere is matter or no. This givesriseto an additional
set of possibleconsenred charges,with no analoguein the asymptotically at

case(where they vanish identically).

Now there aretwo points worthy of note. First the result is unsatisfactory
becausethere is no guarartee that the metric on J admits any conformal
Killing vectorsat alllw e get consered chargesonly in rather special cases.
This suggestghat the de nition of asymptotically anti-de Sitter spacetimes
ought to be strengthenedby somefurther boundary condition, and we will
preserly turn to this question. The secondpoint is that the result is sur-
prisingly strong; our consered chargesare in fact analogousto the Bondi
four-momenum in the asymptotically at caseandthe latter hasthe appeal-
ing property that the Bondi energyis a monotonically decreasingunction of
time. This re ects the fact that gravitational radiation can carry energyout
of an asymptotically at spacetime. As we have seenthis doesnot happen
in the asymptotically anti-de Sitter case,where the conclusionis that the
chargesare idertically consened in the absenceof matter. The conclusionis
that the attractiv e gravitational constart causesthe gravitational radiation
to fall badk into the interior. In this sensethe conformal boundary is much
more like spatial in nit y in the asymptotically at case.

A stronger de nition

59



We would like to strengthenthe boundary conditions that de ne an asymp-
totically anti-de Sitter spacetimein sud a way that the consened charges
always exist. This will be soif the geometryon J is conformally at, that
is to s& if the three dimensionalBach tensor

Banc20 : (203)

What is this condition when expressedn four dimensionallanguage? The
answer turns out to be

B.,20 : (204)

Henceit is appropriate to strengthenthe de nition of asymptotically anti-de
Sitter spaceby the requiremen that the magneticpart of the rescaledWeyl
tensor shall vanishon J. In addition one may require that the topology
of J shallbeR S?, although as we have seenthe mathematics does not
require this.

With this requiremen added there is a certain universal structure in
place,sharedby all asymptotically anti-de Sitter spaces.This includesa set
of ten consened chargesde ned by meansof the ten conformalKilling vectors
that can be de ned on a conformally at 2+1 dimensionalspacetime.They
generatethe conformal group SO(3; 2), and hencethe asymptotic symmetry
group is the anti-de Sitter group SO(3;2). Again this is a much simpler
result than that obtained in the asymptotically at casewherethe group of
asymptotic symmetries,i.e. the group leaving the universal structure invari-
ant, is anin nite dimensionalgeneralisationof the Poincare group known as
the BMS group. It is worthwhile to mertion that the caseof 2+1 dimensional
anti-de Sitter spacess special;in that case|whic h clearly requiresa separate
treatment|the conformal group acting on J is in nite dimensional,and so
is the group of asymptotic symmetriesacting on asymptotically anti-de Sitter
spacesn 2+1 dimensions.

Finally, the canonicalexampleof an asymptotically anti-de Sitter space
is the Kottler (or Scthwarzsdild-anti de Sitter) solution

m

d?= 1 - §r2 dt? + +r2d 2: (205)

2m r2
1 % 3r

Let us de ne a new radial coordinate by
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=r! (206)
and set

= (207)
Then a quick calculation revealsthat

2

de?2 _dt? + +d 2 (208)
3 3

Evidently the metric inducedon J is at. Closerscrutiny revealsthat there

is a problem here: Like the Schwarzsdild solution the Kottler solution has

two asymptotic regions, so that the topology of the conformal boundary is

not even connected.One reasonwhy mary de nitions of asymptotically at

(or anti-de Sitter) spacetimeslook a bit laboured is preciselythat they are

designedto handle sud di culties.

Afterthought

Throughout | have kept hinting at the fact that the analysisof in nit y in
asymptotically anti-de Sitter spacesis similar to but simpler than that of
the asymptotically at case. The negative cosmologicalconstart senes as
a regulator of the long distance behaviour of the gravitational eld. In this
respect it is of someinterest to seewhat happensto Penrose'sargumert
againstthe view that Einstein's theory can be regardedasan e ective eld

theory of aspin 2 eld de ned ona at badkground; this argumert depends
delicately on the long distancebehaviour of the eld and thereforeit should
be a ected by a negative cosmologicalconstarn.

The original idea s asfollows: Considerthe Scdwarzsdild metric

2
d§2: 1 2_m dt2+ L
r 1 2m

r

+r2d 2: (209)

This may be glued to an interior solution describingthe sun, so no fancy
topology is being assumed. Now supposethat there is an underlying at
metric, and that whatewer theory that givesrise to the Scwarzsdild metric
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asan "e ectiv e" metric respects causality asde ned by the at metriclw e
intend to think of gravity much aswe think of electradynamicsin a medium,
wherethe velocity of light candier from that in vacuq but cannot exceed
it. It follows that a vector that is timelike or lightlik e with respect to the
Sdtwarzsdild metric hasto be timelike or lightlik e with respect to the at
badkground metric aswell. This appearsto be soif we choosethe badkground
metric to be

dr2 = dt?+ dr?+r3d 2: (210)

Thereis howewer a catch. Consideran outgoinglight ray in the Schwarzsdaild
geometry obeying the equation

dt r
— = 211
drr 2m (211)
The solution is
u=t r 2min(r 2m); (212)

whereu is a constart. We refer to it asthe retarded time of the light ray;
it is a useful coordinate on J *, future null innit y of the Sdwarzsdild
spacetime. But we can alsointroduce a future null in nit y by meansof our
at badground metric. The retardedtime of an outgoing null geadesicwith
respect to the badkground metric is

U=t r; (213)

and clearly

rI!ilm (up u=1": (214)

The conclusionis that the light ray doesnot hit future null in nit yjas de-
ned by the badkground metricjat all, rather it endsup at future temporal
in nit y. But it doesseemreasonableto demandthat the badground space-
time should agreewith the "e ectiv e" physical spacetimeat in nit y, where
the e ects of the gravitating massare negligible. The badground metric
that we selectedfails to do this.

Sowe try again. We introduce a new radial coordinate
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Figure 8: A starin a at badckground. The trouble is that light from the star ends
upatit.

r°=r+2min(r 2m): (215)

As our at badkground metric, we choose

dr® = dt?+ dr®+ r®d ?: (216)

This resohesour di cult y, sincewith this choiceof at metric the retarded
times of the radial light ray becomeghe samewith respect to both metrics.
The metrics have been properly connectedat innit y. But now another
problem hits us. If d§ is sometangert vector which is lightlik e with respect
to the Sdwarzsdild metric, we must have that

de? = (1 ZTm)( dt?+ dr® + r2d 2= 0: (217)
But with respect to the our new badkground metric we then nd that
|
.
dh®= (r+2min(r 2m)? — — d 2: (218)
2m
For larger this goeslike
2mr?2
I 1)>0: 219
—=—(2nr 1) (219)
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Hencegealesicswhich are null but not radially directed with respect to the
Scwarzsdild metric are spacelile with respect to our new proposedbadk-
ground metric. But we already arguedthat the "true"™ badkground metric
cannot have this property, and therefore our secondcandidate alsofails.

The failure is not due to lack of imagination on our part, becausePen-
rose went on to prove that it is impossibleto de ne a at metric on the
Sdwarzsdtild spacetimewhich fulls both our requiremens: It should lead
to the samenotion of null in nit y asthe Scwarzsdild metric, and a curve
which is causalwith respect to the latter should alsobe causalwith respect
to the former. Hencewe have a de nite argumert againstviewing Einstein's
theory as a kind of e ective theory of a spin 2 eld de ned with respect to
an unobsenable at metric. Sud a at badground metric simply cannot
exist.

What happensif the cosmologicalconstart is negative? In that casethe
behaviour far from the sun will be dominated by the cosmologicalconstarn,
rather than by the sun itself. But this suggeststhat the sun should be
more or lessirrelevant for the causalstructure far from the sun, and that
Penrose'sargumen shouldfail in this case.Indeedthis is so. We replacethe
Scwarzsdild metric with the Kottler metric, and choosean anti-de Sitter
badground metric by setting m = 0 in the Kottler metric. Repeating the
calculation that was done above leads|once the appropriate integral has
beenperformed|to

U u = (220)

for large valuesof r.2 This meansthat J de ned with respectto oneof the
metrics agreeswith J de ned with respect to the other, and that Penrose's
argumert indeedfails in this case.

The lessonis againthat in nit y in anti-de Sitter spaceis very far away|
it is sofar away that gravitational radiation cannotread it, and the causal
structure in its vicinity is una ected by any massconceftration in its interior.

2This is a bit confused. For a correct version of the argumert, seeK. Oberg: Back-
grounds for the Schwarzschild solutions; the inuence of , Master's Thesis, Stock-
holm/Lund 2000.
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Exercise

Prove that

I'[R] =0 ) r C +2I’[P]:O: (221)
Given a hypersurfacede ned by = 0 and with normal vectorn =
r . Showv that D, as de ned in the text is the standard metric

compatible covariant derivative formed from the induced metric Qyp.
(Hint: You are supposedto know that this derivative exists, and that
it is unique.) Also ched that

rk =0 ) D.E®=0; (222)

wherethe tensorsand the derivative operators are de ned in the text.
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GREEN FUNCTIONS

Genenmlities

No discussiornof the geometryof anti-de Sitter spacewould be completewith-
out somemertion of how the wave equation behaveson sut a badground|
we want to know what the geometrydoes, not only what it is. It will prove
conveniert to beginwith a discussionof the Laplace equation on hyperbolic
space, partly since this is of interest in itself and partly becausewe can
then approad the wave equation by meansof an analytic cortinuation from
hyperbolic space.

In a generalcurved spacethe invariant Laplace operator is de ned as

1 _
4 D.0*= poal W@ (223)
and the equationthat we wish to solwe is

(4 ) =0: (224)

We will referto this asthe Helmholtz equation. In at spacewe obtain the
Klein-Gordon equation after an analytic cortinuation to Minkowski space,
and this is the reasonwhy we have chosena notation that suggestghat the
eigervalue 2 is greaterthan zero,but this is not necessarilyso. In at space
we know that 2> 0 leadsto solutionsthat fall o exponertially at in nit y,
while 2 < 0 leadsto oscillatory solutions. There is a similar division into
two main casesn hyperbolic space,but the \critical* value is negative and
there is an interesting \ ne strucure" just above it.

The discussionwill focuson the Greenfunction. By de nition it obeys

(4 AG(1;2) = pl—g (1;2) : (225)

The equation is to be solved under the condition that the Green function
vanisheswhen one of its argumerts lies on someclosedhypersurface,or else
its normal derivative is to vanish there. To seewhy the Green function is
a good thing to have, indeedthe only thing one needs,supposethat A is
sud a closedhypersurfacesurrounding a volume V. Then we can explicitly
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constructa eld that obeysthe homogeneougquation, usingonly data on
the boundary A. If the value of the eld is speci ed on the boundary this is
called Dirichlet data, if its normal derivative is speci ed it is calledNeumann
data. The construction, givena Greenfunction with the stated properties, is
asfollows: Let the secondargumert x of the Greenfunction be somepoint
inside the volume and let  be any solution of the homogeneousquation.
Then

Z
(x)= dv( (4 G (4 )G) =
, . (226)
= dVD* D ,G D.G)= dA¥D .G D.G):

If G = 0 on the boundary this givesthe eld at x in terms of Dirichlet
data, and if the normal derivative of G vanisheson the boundary we get
in terms of Neumanndata. More general\mixed" boundary conditions can
alsobe cortemplated.

Given Dirichlet data on the boundary our solution is unique if 2 > 0.
This follows from another simple obsenation, viz.

Z Z Z
dv(D,D 2 + 2?)= dvD¥ D, )= dA*D, : (227)

All the termsin the integrand on the left hand sideare positive or zero,while
the right hand side is zero. It follows that the only solution that vanishes
on the boundary hasvanishinggradiert everywhere,thereforethe solution is
zeroewerywhere. If Neumanndata are speci ed on the boundary the solution
is unique up to a constart. If 2 < 0 no conclusioncan be drawn.

In our discussionwe will placethe enclosinghypersurfaceat in nit y and
the Green function will be assumedto vanish at in nit y. This is not quite
the situation that we have just considered,but it will turn out that for
a special value of 2 (the \conformally coupled scalar") the discussionis
directly relevant becausewe can transform the whole problem to that of
solvingthe Helmholtz equation on the conformally compacti ed space which
hasa boundary at nite distancefrom any point in the interior.

Flat space
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For reference et us collect somerelevart resultsin at space.The question
is to which extent theseresults can be generalized. The rst striking thing
about at spaceis that is an isotropic spacel|all directions are equivalert|
and this meansthat the Green function can depend only on the gealesic
distancebetweenthe sourceand obsenation points. It followsthat the partial
di erential equation that we have to solwe can be reducedto an ordinary
di erential equation; if we choose spherical polars with the origin at the
sourcepoint it will be enoughto solve
n 1

@+ —

(We usem? rather then 2 for the eigervalue, sincem canbeidenti ed with
massin a fairly unproblematic way in at space.) Sincehyperbolic spaceis
isotropic as well, this feature generalizes. If you like you can think of the
Green function as a solution of the homogeneousquation in the interval
O0<r < 1. Werequirethat it falls to zeroat in nit y and divergesin a
suitable way at the origin.

The behaviour at r = 0 can be gleanedby solving the casem? = 0, and
this happensto be trivial. If n= 2it is

@ m? Gu(r;m?) = (r): (228)

1
G(r) = > Inr + constan : (229)

The catch is that this cannot be reconciledwith the requiremen that the
Green function is to fall to zeroat innit y. In two dimensionsthe Green
function of the Laplace equation has an incurable infrared divergence(al-
though it can be de ned in a box). This dicult y will actually go away in
hyperbolic space.If n > 2 the solution is

1
(N 2)A, 11" 2
where A, is the areaof the n-sphere.With alittle e ort onecan show that

G(r) = + constan ; (230)

n+l
2

An = 27( neL) : (231)
2
If we setthe arbitrary constart to zerowe are home.
For non-vanishing m? the solution is not elememary. The answer (now

vanishingat in nit y in all cases)turns out to be
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i im 1 .
Gn(r;m? = i r—H(l)(lmr); =

n 2.
2’

(232)

whereH® denotesa Hankel function of the rst kind, with the asymptotic
behaviour

S p—

H®(z) %ei(z (+22) . (233)

As advertized our Greenfunctions vanish exponentially for larger provided
that m is real; if m? < 0 we obtain an oscillatory behaviour.

We have insisted on keepingthe dimensionn arbitrary. Examination of
the equation revealsthat the solution in n + 2 dimensionfollows from that
in n dimensionsif we set

Grea(riM?) = 5+ @Gy (rim?) (234)

(The factor in front is chosenso as to obtain the correct strength of the
singularity.) Henceall the Greenfunctions can be derived from G, and Gz
by repeated di erentiation. This statemen is consistemh with the explicit
solution becauseof recurrencerelations obeyed by all the Besselfunctions;
it is alsoa feature that generalizego hyperbolic space.

In odd dimensionsthings simplify becausethe asymptotic expansionof
a Hankel function of half integer order terminates after a nite number of
terms. Thus we get

. le™
Gs(r;m?) = R
A similar simpli cation occursin odd dimensionalhyperbolic space,where
the Greenfunctions canagainbe expressedn terms of elemetiary functions.

If we have a solution of the Laplace equation with the samefall-o be-
haviour asthe Greenfunction we would concludethat it is squareintegrableif
m > 0 but not if m = 0. On the other hand the energyintegral is corvergen

alsofor m = 0.

(235)

The equationin H"

69



Like at space,hyperbolic spaceis isotropic|therefore the Greenfunction
can only depend on the gealesicdistance d betweenthe sourcepoint and
the obsenation point, and the calculation can again be reducedto that of
nding the Greenfunction of an ordinary di erential equation. There aretwo
natural ways to arrive at this. We can choosea gealesic polar coordinate
systemwith the origin at the sourcepoint, sothat the Greenfunction is a
function of the coordinate r only. The equationto be solved is

(@+ (n Lcothr@ dG(r; = (r): (236)

Sincewe are using coordinates wherer = d, we get the Green function in
coordinate independert form by replacingr with d.

Alternativ ely we can usethe enmbedding coordinates. We rst de ne a
projection operator

qg = +XX ; g =n: (237)
This projection operator has the property that it annihilates the normal
vector of the quadric hypersurfacethat we are interested in (H" for the
presen, although the formul work for adS,, aswell). That is to say that
g X =0: (238)
The standard covariant derivative on the hypersurfaceis now given by

Da=0q, @: (239)
It is a straightforward exerciseto show that
4=q @Q@+nX @ = %J J (240)

The secondequality makes cortact with group theory sinceJ? is a Casimir
operator of the isometry group; this makes sensesincethe Laplacianin at
spaceis

4 = P?; (241)

whereP? is a Casimir operator of the Euclideangroup. A great deal can be
learned about our problem from a study of the represetation theory of the
relevant group, but we will not rely on this here.
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The Green function is assumedto be a function of gealesic distanced
only. It is conveniert to usethe variable

u=coshd= X; Xs: (242)
It followsthat whenu 6 1

(4 AG(u; )= @ ud)GRu)+ nuGYu) 2G(u)=0:  (243)

This is preciselywhat the equationthat we had above turns into, if we make
the substitution u = coshr. When n = 2 it is recognizableas Legendre's
equation. The solution is to be sough under the conditions that

1 1
(N 2)Ap 11" 2°
unlessn = 2|the generalrule is that the strength of the singularity is the
sameasin at space,sinceany curved spaceis locally at.

Of courseour di erential equation can be transformedthis way and that
through various substitutions. One frequerly sees

uI!ilm G(u=0 Li!mle(u) = (244)

v= sinhzré) vl v)GRv) 2(1 2MGYV)  2G(v) = 0: (245)

This is recognizableas the hypergeometricequation for a special choice of
parameters. We prefer the substitution u = coshr howewer.

The solutionin H"

As in at spacethe two and three dimensionalGreenfunctions are the keys
to the generalsolution becausehe higher dimensionalcasescan be obtained
from G, or Gz by repeateddi erentiation. In the two dimensionalcasethe
de ning di erential equationis preciselyLegendre'sequation

1 uv)QRu) 2uQ’(w)+ ( +1)Q (u=0; (246)
all that we have to do is to adjust in terms of 2. Becausewe require the
solution to be singular at u = 1 the solution that we want is a Legendre
function of the secondkind, calledQ . Indeed
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Gy(r; %) = ZiQ (coshr) : (247)

Here we must use

— 2 — 1 2 1 .
( +1)= , = 2+ +4. (248)
Sincel do not wish to gointo any discussionof special functions|and since
the three dimensionalcasecan be solved with elememary functions|l  will
not discussthis solution for generalvaluesof 2.

It is good to understandthe case 2 = 0though, the more sobecausehis
casewill found to be of special interest later. An alternative way to get the
ansver is then to useGauss'theoremand placethe boundary of the volume
at constart r;

z z
1= dvaG= dA®PgD.G=2 sinhr@G,(r): (249)

In this way the geometryrequiresthat
z

1“r dr
Gyo(r;0)= — - X 250
2(1;0) 2 sinhr ( )
The integral is elememary and the answer is
1 r 1 coshr + 1 1
Gy(r;0) = > In tanh 5= 4 In coshr 1 2—Q0(coshr) ; (251)

where Qg is a Legendrefunction of the secondkind, asadvertized. Unlike in
at spacethere are no infrared problemsto worry about here.

The generalsolution whenn = 3 canbefound by alittle experimertation,
starting from the 2 = 0 casewhich canbe worked out using Gauss'theorem
asabove. The answer can be expressedn terms of elemetary functions, as
advertized:

Lot mT
4 sinhr

This is clearly reminiscenn of the Green functions in at space,but there
are somenoteworthy di erences too. The \critical* value belov which the

Ga(r; ?) = (252)
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oscillatory behaviour appearsis 2= 1 rather than zero(asin at space);
moreover in the range

1 ?<0 (253)

both brandhes of the squareroot are consistet with exponertial fall-o to
zeroat in nit y. On the other hand if we considera function with this fall-o
behaviour it will be squareintegrable on H? only if we choosethe nega-
tive signin the exponert. We will have more to say about where this non-
uniquenesscomesfrom later on. Meanwhile it is interesting to con rm that
oscillatory solutions appear belov 2= 1. If you remenber the discussion
of plane waves on the Poincare disk you seethat we can do so by choosing
half spacecoordinates and making the Ansatz

= x®: (254)

The solutionis assumedo be constart on the horospheresand we must have
a complexs in order to get oscillatory solutions. The Helmholtz equationis

4

and this leadsto

) x(@+@+@ x@ = ° (255)

q
s(s 2= %2 | s=1 1+ 2: (256)
Our point hasbeenproved.
The higher dimensionalcasescan again be found by repeateddi erentia-
tion of G, and G3 if a minor complication is kept in mind; it is easyto show
that

Gnsa (U; 2) = Zi@Gn(u; @) . (257)

wherethe strength of the singularity hasbeenproperly adjustedaswell. The
complication is that 2 on the left hand side is not the sameas ©® on the
right hand side. Taking this into accourt we nd the answer for an arbitrary
even dimensionn = 2p:

: 1 1 Pl
Gop(r; 9) = > m@ Q (coshr) ; (258)
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where

2
_ }+ 2+(n 1)
2 4

And we also nd the answer for an arbitrary odd dimensionn = 2p+ 1:

: (259)

0 q 1
2, (n 12

1 1 Plpe 7
G + ; 2 = — ~ -« 1 - . . .
21 (1) 4 2 smhr@ sinhr §

(260)

The remarks about the rangeof 2 and the two branchesof the squareroot
canevidertly be repeated.

Conformally coupled salars

The discussionso far has revealedthat it is the behaviour at in nit y that
hasto be understood, and this is the kind of questionthat can be clari ed
by goingto the conformally compacti ed space.In generala solution to the
Helmholtz equationon the physical spacewill not correspnd to a solution of
the Helmholtz equationon the compacti ed space but there is oneexception
that is called the conformally coupledscalar. Considerthe following natural
equation:

(4 kR) =0: (261)

Here R is the curvature scalarand k is someconstart. Whatever the value
of k this will be the Laplace equationin at space;it can be derived from
the action
z
s= PgDp.D? +k R): (262)

It can be shawvn that this action is invariant under the conformal rescalings

0= G oo (263)
(wherew is calledthe conformalweight of the scalar eld) if and only if

74



n 2 q _ 2 n.
an 1 MW
We adopt thesevaluesof k and w from now on; they de ne the conformally
coupledscalar. It follows that " will be a solution of our equation on the
conformally related space,giventhat is a solution on the spacewe started
out from. The calculation neededfor the proof is simple, given that (on a
spaceof dimensionn)

(264)

RO = SR@+ 5@ mrar® + 2@ n)(n 4, re ; (265)

wherethe original metric is usedto raiseand lower indiceson the right hand
side.
Let us now specializeto hyperbolic space. With the normalisation that
we have adopted the Riemann curvature scalarof H" is
R= n(n 1): (266)

Hencethe equation for a conformally coupledscalaron H" is

n(n 2)!

4 + =0: 267
i (267)
Note that this implies that the conformally coupledscalarhas
,_ N(n_2) ,, (N 1?2 _ 1
= 7] ) -4 (268)

For reference, 2= 0ifn=2, 2= 3=4ifn=3and 2= 2ifn= 4,

Finally we obsenethat a Greenfunction is a solution of the homogeneous
equation except at the sourceand obsenation points. For a conformally
coupledscalarit must thereforebe true that

G(1;2)= “(1)G(L;2) “(2); (269)

where G is the Green function in a spacethat is conformally related to
another spacewherethe Greenfunction is G. In particular this meansthat
for the specialvalueof ? given above the Greenfunction in hyperbolic space
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canbe computedin terms of the massles$sreenfunction in at spacewhich
is nice.

The conformally coupled salar on H"

The Greenfunction G of the conformally coupledscalaron H" canevidertly
be derived from the Greenfunction GE of the Laplacian on the conformally
related spaceE". The metric on H" is in stereographiccoordinates

Ly

2
2 ab . (270)

Gab = = 773

What we must keepin mind is that we are no longerinterestedin at space
Green functions that vanish at innit y; innit y in H" now correspnds to
the hypersurface = 1, that isto say to the surfaceof the unit spherein E".

For the comparisonwith our previous results we just have to remenber
that the radial coordinate s related to the gealesicdistanced (that is r)
from the origin by

d r
= tanh 5= tanh 5 (271)

If we want to expressthe answer in enbedding coordinates we use

,_coshr 1 X3 Xp+1 (X3 Xp)?.
Tcoshr+ 1 X; X, 1 (Xi+ Xp)?2°

We can now solve for the Greenfunction in our favourite dimensions.In
two dimensionsthe conformal weight of the conformally coupled scalar is
zero, so the Green functions on two conformally related spacesare in fact
equallno rescalingis needed.If we requirethe at spaceGreenfunction to
vanish at the boundary (so that the solutions are determined by Dirichlet
conditions on the conformal boundary) we obtain in H?

(272)

1 1
Gy(1;2) = G5(1;2) = 2—In + constart = - Intanhré , (273)

wherethe constart was adjusted so that
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G5( =1)=0: (274)

To sole for the Greenfunction in H? is the sameproblem asthat of solving
for the Greenfunction in abox in at spacethat is why no infrared problems
occur.

When n > 2 the at spaceGreen function that we need for Dirichlet
boundary conditionsis

[
1 1
G5( =1)=0 ) Gi= oA e Lo (275)
n

where A, ; is the areaof S" 1. The conformal weigh of the scalaris w =
(2 n)=2, sothe Greenfunction in hyperbolic spaceis

' n 2

2 2
1 2

22 n (1 2)¥1 n 2 .

(N 2)A, 1 n 2
(276)

It canbe shawn that this agreeswith our previoussolution whenthe appro-
priate conformalvalue of ? is insertedin the latter. The solution is unique
so as yet there is no trace of the mysterious\second branch” of non-square
integrable solutions.

Let us specializeto n = 3 to simplify matters a bit. Now we can, if we
like, contemplate more generalboundary conditionson Gz in at spacesud
as

Gn( ) = GE( )27 =

11, k ) G5( = 1)= constart : (277)

Gs; = —

3 4
We get a Greenfunction for all valuesof the constart k, although it vanishes
at the boundary only if k = 1. When expressedn terms of r the Green

function becomes

1+k ez 1 kez

8 sinhr 8 sinhr °
This is a linear combination of the two solutionsthat we found earlier. From
our discussionof the boundary value problem in generalwe seethat if the

Ga(r) = (278)
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Greenfunction doesnot vanish on the boundary|and its normal derivative
neither|then we are dealing with a mixed boundary value problem in the
conformally compacti ed space. The uniquenessof the Dirichlet problem is
gone, but otherwisethere is nothing wrong with itjand our argumern for
uniguenesds goneanyway since 2 < 0.

Having understood why the Dirichlet casek = 1 is not unique, we
return to it and contemplate the Greenfunction in enmbedding coordinates.
A straightforward calculation shows that

0 1

Gs(1;2) = 4i@ ! 4 ! A (279)

4 g
(X1 X3)? (X1+ X)?

This expressionhighlights an interesting fact: The secondterm hereis regu-
lar everywhereon H 2 andit isin fact a solution to the homogeneougquation
(as onereadily chedks); henceit can be addedto the Green function with

an arbitrary coe cent. It is singularwhenX,; = X,, that is if (say) the
obsenation point is in H2 and the sourcepoint is on the other, discarded,
sheetof the hyperboloid in embedding space.It canbe thought of asan\im-

agecharge" that is addedoutside our spaceto ensurethe correct behaviour

at the boundary. In fact this interpretation is exactly right. By meansof a
few manipulations we can bring the Green function (for the Dirichlet case
say, and with the sourceand obsenation points at arbitrary position) to the
form

q q
G(L;2)=2"' 1 G52 1 §; (280)
wherethe Greenfunction in Euclidean spaceis
0 1
1 1

(281)

E(q. — 1 @
Gh2a= g X1 Xa) j X1 X
This is the Greenfunction for the Laplacianin at spaceincluding an image
chargethat ensureghat the Greenfunction vanisheson the unit sphere|the
exterior of the unit sphereis conformally related to the discardedsheet of
the hyperboloid, soit cheds.

The story is similar if n 6 3. For referencewe give the (particularly ap-
pealing and simple) Greenfunction for the conformally coupled scalar with
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Dirichlet conditions imposedon the boundary of the conformally compacti-
ed spacewhenn = 4, expressedrst in terms of the variable u = coshr and
then in enbedding coordinates:

1 1 1 1
+ =

1 1
— —— +
82 u 1 u+1 42 (X1 X2 (Xi+ Xp)2

G4:

(282)
And our understandingof Greenfunctions on H" is as completeas we care
to make it.

Flat spacetime

The main di erence betweenthe Euclidean and the Lorentzian caseis that
there is a whole zoo of Greenfunctions in the latter. This comesabout be-
causethere are homogeneousolutions of a hyperbolic equation, and given a
Greenfunction we obtain another by adding a solution to the homogeneous
eguation. On the other hand the only solution of the homogenoud_aplace
equation (given that we have imposedsuitable boundary conditions at in n-
ity) is zero,which meansthat the Euclidean Greenfunction is unique. Now
we are interestedin the situation wherethe Lorentzian spacecan be reacded
from a spacewith positive de nite metric through analytic cortinuation. The
analytic cortinuation will then give rise to a Lorentzian Greenfunction that
is distinguishedin the sensethat it arisesasthe analytic cortinuation of the
Euclidean Greenfunction. To be preciseabout it, supposethat

t= ite (283)

wheretg is the Euclidean"time", and let Gg be the Greenfunction of the
Laplacian. Then the Feynman propagator

G (x;t) = iIGE(x;it) (284)
is a Greenfunction of the wave equation. By constructionit is analytic in the
secondand fourth quadrart of the complext-plane. Other Green functions
have other analyticity properties, for instance the retarded Green function
canbe de ned asthat Greenfunction which is analytic in the lower complex
t-plane.
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SinceMinkowski spaceis isotropic the Greenfunctions are functions of

=g X X (285)

only (where we assumethat the origin of the coordinate system has been
place at the sourcepoint). What is new comparedto the Euclidean case
is that  can take negative values. Moreover it will vanish whenewer the
separation between the sourceand obsenation points is lightlik e, and this
meansthat the Greenfunction will be singular there. The presenceof these
singularities resoles a puzzle: Sincethe Euclidean Green function is real
it would seemthat the Feynman propagator must be imaginary, and then
it is dicult to seehow it can be the Green function of a real equation.
The resolution is that the combination of its analyticity properties and its
singularitieswill forceit to dewelopareal part. (The meaningof this mystical
statemen will be clearin the examples.)

The Feynman propagator is by construction analytic in the secondand
fourth quadrart of the complext-plane. Moving the singularitieso the real
axis by adding an in nitesimal imaginary part to t we nd

x2 (t sgnt)i0)=x2 t2+i0= +i0: (286)

(The "i0" notation keepstrack of the analyticity properties.) Hence we
can just aswell say that the Feynman propagator is de ned asthat Green
function that is analytic in the upper complex -plane.

Let us now split the Feynman propagator into real and imaginary parts:

GF = G+ IEG(” : (287)

The parts are called the symmetric Greenfunction and Hadamard'selemen-
tary function, respectively. The latter is a solution of the homogeneousvave
equation. Other well known Green functions can be derived by multiplying
with suitable step functions. Thus the retarded Greenfunction is

GR=2 (1)G; (288)

and the comnutator Greenfunction is

G=2(1)G: (289)
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Recall that|despite its quantum eld theoretical name|the properties of
the commutator Greenfunction is of crucial importance for causalpropaga-
tion in classical eld theory aswell. Considerthe Caudy problem

(x;0) = u(x) @ (x;1) = v(x) (290)

(initial data chosenon the spatial hypersurfacet = 0, say). Then thereis a
unique solution of the Klein-Gordon equation given by
z

xH= d’XY@G(x; xJu(x)  G(x; xIv(x9) : (291)

Physical e ects will therefore propagatein a causalmanner if and only if
the commutator Green function vanishesoutside the lightcone. We will see
that this is true for the Klein-Gordon equation; there is the added bene t
that the step functions do not disturb the Lorentz invariance of theseGreen
functions.

The simplestillustration of the generaldiscussionis provided by the wave
equationin four dimensions.Placethe origin at the sourcepoint, and de ne

=g XX : (292)
Then
foo 1 1 i1
Ga = 42 +i0 4 ) 42 (293)

The singularities are poles,and the support of Gland henceof the commnu-
tator and retarded Greenfunctions|is not only vanishing outside the light
cone, it is actually con ned to the light cone. The massie Klein-Gordon
equation has

G5 ( my =65 )= O m” ) (204)

If we expandthis expressionn the vicinity of the singularity at = Owe nd
that there is a logarithmic singularity in addition to the pole. The logarithm
is a multi-v alued function; to handle this we place a branch cut along the
negative real -axisthat is then approaded from above, in accordancewith
the analyticity properties of the Feynmanpropagator. To make a long story
short the crucial step is

81



Inj j
In( )= (295)
Inj j+i
depending on whether the interval is timelike or spacelile. The nal result
is

1 m? 1 m?
4 — —_— —_— —
GF()_ 4 () 82( ) 2+22 4+
(296)
!
11 m? .
22 T2 7

This time the real part has support inside aswell ason the light cone.

The situation in odd dimensionsprovidesan interesting cortrast. For the
"massless"wave equation

F — 1
G; = 4—9: : (297)

Just like the massiwe propagatorin four dimensionsthis Feynman propaga-
tor has a branch cut along the negative real axis, and the support of the
comnutator and retarded Greenfunctions extendsinto the light cone.

From a practical point of view it makesa lot of di erence whether the
support of the comnutator Green function extendsinto the light cone or
not. If the support is con ned to the light conethe result is that the e ect
of a sharply localizeddisturbancein the eld will be seenasa distinct ash,
or heard as a distinct soundif we are consideringthe characteristic cone of
a sound wave. If the support extendsinto the conee ects will "ring on"
for a considerabletime, just like the waves on the two dimensional surface
of a lake into which a stone has beenthrown. Therefore talk is possible
in a 3+1 dimensional spacetime,but not in a 2+1 dimensionalone. The
property that the support is con ned to the characteristic coneis sometimes
called "Huygens' principle in its strong form". It could also be taken asthe
de nition of "massless”,in which casethere are no masslesselds in odd
dimensionalspacetimes.
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The conformally couplel salar in adS,

When we go from Minkowski spaceto anti-de Sitter spacethree issuesarise:
Anti-de Sitter spacehas closedtimelike curves, it is not globally hyperbolic
(there is no Caudy hypersurface),andit is not gealesicallycorvex (there are
pairs of points in that cannot be connectedby gealesics). The rst issuecan
be avoided by goingto the universal covering space,but one can always ask
whetherit is necessaryo do so. To dealwith the secondssuewe haveto take
accourt of the possibility that in uences may erter spacetimefrom spatial
in nit y, or elsewe may try to formulate boundary conditions that explicitly
forbid this. The third issuemeansthat the gealesicdistance between two
points may not exist, sothat the Greenfunction certainly cannot quite be a
function of gealesicdistanceonly. Actually they will be functions of

u= X; Xy (298)

Howewer, the range of this variable will be over all the real numbers. There
will then be three cases:

u>1 ) u= coshd; d spacelile distance
ju<1l ) u=cosd; dtimelike distance (299)
u<1l ) gedaesicdistanceunde ned :

An obvious questionis: Shouldthe Greenfunction be zerowhenu < 1?

It is advisableto beginour anti-de Sitter deliberationsby a discussionof
the conformally coupled scalarin adS, sincethis ought to behave like the
masslesscalarin Minkowski space|and if soit is a particularly simplecase.
The Feynmanpropagator obtained by analytical cortinuation from H# (with
Dirichlet conditions on the boundary) is

|

i 1 N 1
42 (X1 X2 (Xi+ Xy)?

Remarlably there are two singular points inside arti-de Sitter space,given
by

Gk = (300)

X, = X, (301)



Comparedto hyperbolic spacewhat hashappenedis that the "image charge"
has moved into spacetime. Indeed this is what one can expect from the
geometryof anti-de Sitter space.Timelike geadesicsemergingfrom the rst
of the singular points will recorvergeat the second.Sowill lightlik e gealesics
provided that they are re ected by J, and then a secondsingularity in the
Greenfunction there is unavoidable. Becauseof the temporal periodicity of
the Greenfunction the closedtimelike curvesin anti-de Sitter spaceposeno
problem; if we newerthelessdecideto work in covering spacewe have to use
somecoordinate systemthat allows us to do soand we will nd that there
are an in nite  number of periodically recurring singularities, not just two of
them.

The analyticity properties of the Feynman propagator must be discussed
with somecare. The propagator should be analytic in the secondand fourth
guadrart of complex sausageime. Alternativ ely let the sourcepoint be at
U =1,V = 0, and cortinue analytically in the coordinates for the obsena-
tion points accordingto

V= Ve (302)

We move the pole o the real axis accordingto

VI V sgrvi0: (303)
Then we nd that

(X1 X2)?2=2u 2+i0: (304)

The Green function must therefore be analytic in the upper u half plane.
Sincethe singularities are polesthe real part of the Feynman propagator is
found to be

1 1
Gy = T (X1 X3)? Y X1+ X2)? (305)
The support of this Greenfunctionjand henceof the comnutator and re-
tarded Greenfunctions|is con ned to the light cone,so Huygens'principle

holdsin its strong form. In particular the commnutator Greenfunction is

G4 = H1)Gs ; ~t) = sgn(sint) ; (306)
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wheret is the sausagdime. An analysisof the commutator Greenfunction
con rms our intuition of how the signalbehaves: It emergedrom the singular
point X, = X, (sa), reades J, and then bouncesbadk and reathesthe
secondsingular point alongits badkwards light cone. Sincethe singularities
are of equal strength the ertire signal is re ected|nothing comesin from
acrossthe boundary.

To clarify what goesonat J it isinstructiveto study the Greenfunctions
of the conformally coupled scalar on adS in the conformally compacti ed
spacelin this caseon "one half" of the Einstein universewhere J can be
regardedas an ordinary timelike hypersurface. Choosesausagecoordinates
to descrike anti-de Sitter space. The metric ., in the Einstein universeis
related to the anti-de Sitter metric g, through

— 2 . — 1 2 .
Gab = “Gab ; =17z (307)

The Greenfunction G in the Einstein universeis

G(L,2)= '(16(L2) ') (308)

We placethe origint = = 0 at the sourcepoint, and then we nd
X, Xp)2= 2 + . 2 Lcost : 309
(X1 2)" = 1+ 2 Cost : (309)

Let us concettrate on the Hadamard function that solvesthe homogeneous
wave equation. As a result of a minor calculation we get

1 1 1
AW = : 310
4 2 cost+ cost (310)
Interestingly this vanishesat J, where = 0. In e ect we have imposed

Dirichlet conditions at the boundary, which explains why the signal came
bouncing bad from there.

In the hyperbolic casewe were able to choosebetweenvarious boundary
conditions at the conformal boundary, and this is the casehereaswell. The
di erence is that changing the boundary conditions at J will changethe
strength of the singularity at the image pointjand this makesa di erence
becausethe image point is situated inside adS. Speci cally, consider
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E [ 1 k _

Ga = 42 (X1 X2 (Xp+Xp)? (311)
Clearly the casesk = 1 are singled out by the requiremen that the two
singularities should have the samestrength|if this is not the casewe must
concludethat the signalis not re ected in its entirety at J , rather in uences
are ertering or leaving spacetimethere. In the conformally related Einstein
universewe nd that the Hadamard function becomes

|

1 1 k
W= — + : 312
4 2 cost+ cost (312)

There are two choices of boundary conditions that are totally re ective:
Dirichlet conditions

Y =0 ) k= 1 (313)

and Neumannconditions

@69 =0 ) k=1: (314)

This is not to say that other choicesare inconsisten. Indeedif we take the
point of view that we want to study radiation ertering or leaving spacetime
the totally re ective boundary conditions must be avoided. On the other
hand if we really want to stay in adS with its closedtimelike curves(rather
than goingto its covering space)then the re ective boundary conditions are
necessary

Genenl anti-de Sitter Green functions in four dimensions

The conformally coupledscalaris the analogueof masslesselds in Mink owski
space. In four dimensionswe were able to avoid the question of what the
lack of gealesicconvexity meansfor the Greenfunctions, sincethe support of
the commutator Greenfunction wascon ned to the light coneand therefore
doesnot extendinto the regionthat is separatedby a spacelile distancefrom
the position of the image charge. For massive elds on the other hand this
issuehasto be facedsquarely It is clearthat if the support extendsinto this
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Figure 9: Somesupports for the commutator Greenfunction. a: A masslesscalar
with re ectiv e boundary conditions. b: A generic masslessscalar. c: A massiwe
scalar for special valuesof 2. d: A genericmassiwe scalar.

regionthen the conclusionmust be that the radiation is leaking out through
J, and if we want to stay in anti-de Sitter space(with its closedtimelike
curves) this must be avoided.

It turns out that the precisevalue of 2 is crucial here. There are three
interesting rangesfor the variable u: When u > 1 the gealesic distance
betweenthe obsenation point and the "original" sourcepoint is spacelile,
when juj < 1t is timelike, and whenu < 1 the two points cannot be
connectedby any gealesic. The questionis whether the Green function is
necessarilyzero also in this third region. The Feynman propagator for a
massi\e scalar eld is

Gi(: 9= 45@Q () (315)

The parameter was given as a function of 2 when we discussedts ana-
lytical cortinuation in H#, and u is as usual. The Legendrefunctions are
singularat u= 1 andthereis a branch cut alongthe real axis betweenthe
singular points. A detailed analysisshaws that the support of the real part
extendsinto the region where

1 u 1; (316)

that is to say into thoseregionsof adS that can be connectedto the source
point by meansof timelike gealesics,sothat the formula
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cosd=u (317)

makessense.This is asexpectedfor a massie eld. Genericallythe support

also extendsinto the regionwhereu < 1, which meansthat radiation is
leaking out of spacetime.Howeer, it can be shavn that for special (\quan-

tized") valuesof ? this doesnot happen. It follows that thesespecial values
of the massmust be adoptedin anti-de Sitter spaceproper. This is in agree-
mert with what onewould expect from group theory|since the masshasto

dowith the eigervalue of the Killing vector Jyy (that generategime transla-
tions) and sincethis generatesa compactsubgroupof SO(3; 2) we do expect
a quartization of massto occur. On the other hand the relevant group for
the universal covering spaceis the non-compactgroup of time translations,
and the rangeof allowed 2 should be cortinuous. Unfortunately the details
are an exercisein special functions.

Green functions in adS;

It is moreinstructiveto discussGreenfunctionsin adS; wherewe do not have
to delve into the Bateman manuscriptjw e know that the Greenfunction on
H3 can be expressedvith elememary functions. By analytic cortinuation of
the (Dirichlet) Greenfunction on H 3, we get the Feynman propagator

ie .
4  sinh
This is for spacelile geaesicdistances . Using our variable u we get for
sourceand obsenation points in generalposition that

Gi(; = (318)

i 1 1
Gs(u; )= —p—— B— : 319
s(u; %) 7 Pz Tu+ pﬁ)v o) (319)

Now the function

0]
u2 1= u 1 u+1 (320)
has branch points at

u= 1: (321)
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There is a branch cut in between. Sincewe require analyticity in the upper
half planeit is real and positive to the right of the cut, and real and negative
to the left. Along the cut it is imaginary. If we set

24127 (322)

there are no further complications. The Feynman propagator will dewelop
a real part only in the region juj < 1, and the support properties of the
comnutator Greenfunction will be the sameas that advertized for special
valuesof 2 in adS,. On the other hand the conformally coupledscalarhas

2 4 1:%; (323)

and in this casethe support of the comnutator Greenfunction will extend
into the regionu < 1.

These matters can be further claried by a study of the represetation
theory of the anti-de Sitter groups, but our story endshere.
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