
Electrodynamics I � Extra problems

Extra problem no. 1

Consider a hollow sphere of radius R in vacuum. There is a surface charge,
σ = σ0 cos θ, on the sphere but no other charges are present. Compute the
electrostatic potential and the electric �eld inside and outside of the sphere.

Extra problem no. 2

Start from the Biot-Sawart law,

B =
µ0

4π

∫
J(x′)× x− x′

|x− x′|3
d3x′, (1)

to show Gilberts law
∇ ·B = 0. (2)

Then go on to show that the above, together with the continuity equation, leads
to the Maxwell-Ampere law

∇×B = µ0J + ε0µ0
∂E
∂t

. (3)

Extra problem no. 3

Maxwell's equations in absence of sources (ρ = 0, J = 0) have plane wave
solutions,

E(x, t) = E0e
i(k·x−ωt), B(x, t) = B0e

i(k·x−ωt). (4)

Show that these solutions gives the following constraint: k ·E = k ·B = 0.

Extra problem no. 4

Show, using Maxwell's equations, that theE andB �elds obey the wave equation
and that the electric charge is a conserved quantity.

Extra problem no. 5

Explain why we are allowed to choose gauges without changing the physics.
Also explain the di�erence in arbitrariness of the gauge transformation between
the Lorenz and the Coulomb gauge. (Hint: Think of the di�erences between
the solutions of hyperbolic and elliptic di�erential equations.)

Extra problem no. 6

Derive the Lorentz-force from the action

S =
∫

dτ{−m
√
−ẋαẋα + eẋαAα(x(τ))}. (5)

(Hint: You might �nd the problem easier by �xing τ = x0 = t which gives the
action S =

∫
dt{−m

√
1− ẋiẋi + eẋiAi + eA0}.)
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Extra problem no. 7

Show that Maxwell's equations can be obtained from

S[A] = −
∫

d4x(
1

16π
FαβFαβ + AαJα), (6)

where Fαβ ≡ ∂αAβ − ∂βAα and Jα(x) is a �xed external current. Also show
that the action is invariant under the gauge transformation

Aα(x) → A′
α(x) = Aα(x) + ∂αΛ(x), Jα → J ′α = Jα (7)

if Jα satis�es a simple (and familiar!) condition. What is the physical signi�-
cance of this condition?

Extra problem no. 8

Derive the expression for length contraction from the constancy of the speed of
light.

Extra problem no. 9

Consider two frames S and S̃ with relative velocity v in the x1 direction.

a) Obtain the electric and magnetic �elds Ẽ and B̃ in terms of E and B.

b) Place a charge q in frame S, at rest with coordinates xi. Evaluate the

electric and magnetic �elds Ẽ and B̃ as measured by an observer in frame S̃.

Extra problem no. 10

Consider a scalar �eld of the form

φ(r) =
1
r2

, r2 = x2 + y2 + z2. (8)

Perform a Lorentz boost in the t-x plane, and express the new function φ′ as a
function of the coordinates (t,x,y,z).
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